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Abstract. We interpret the five parameter family of Macdonald-Koornwinder polyno- 
mials as vector valued spherical functions on quantum Grassmannians. 



Introduction 

The representation theoretic construction of (quantum) conformal blocks in certain con- 
formal field theories is closely related to harmonic analysis on (quantum) symmetric spaces 
of group type, see, e.g., j3] and A striking consequence is the interpretation of A-tjpe 
Macdonald polynomials as vector valued spherical functions for the quantum analogue of 
the symmetric pair (U(n) x U(n), diag(U(n))) of group type on the one hand (see jSj), and 
as quantum conformal blocks on the other hand (see 0). With these interpretations many 
properties of A- type Macdonald polynomials, such as the Macdonald-Ruijsenaars differ- 
ence equations, quantum Khnizhnik-Zamolodchikov equations, dualities and orthogonality 
relations, obtain their natural representation theoretic and conformal field theoretic inter- 
pretations. In this paper we consider the harmonic analytic part of these constructions for 
the quantum analogues of the symmetric pair {U,K) = (U(2n), U(?t,) x U(n)). This leads 
to the interpretation of the five parameter family of Macdonald-Koornwinder polynomials 
as vector valued spherical functions. 

In the classical analogue of our main result was established. It yields the interpre- 
tation of BC-tjpe Heckman-Opdam polynomials as the restriction to the maximal torus 
of regular vector valued functions 

f -.U ^ Cdet-^i ® 5""(C")det^i-^, G Z, K G Z>o 

(with 5'"'*(C") the homogeneous polynomials of degree nn) which transform under the left 
(respectively right) regular i^-action on U according to the natural i^'-action on the image 
space (respectively the i^'-character det"**^ det"'^ for some ^2 G Z). 

In this paper we define a continuous one-parameter family of quantum analogues of 
the symmetric pair {U,K), following closely Letzter's ^J-PH] approach of constructing 
quantum symmetric pairs as coideal subalgebras. One may as well view this family of 
quantum symmetric pairs as a continuous one-parameter family of quantum analogues 
of the complex Grassmannian U/K. We proceed by defining the analogue of the K- 
representation Cdet~''^®5'"'^(C")det'^^~'^ for the associated coideal subalgebras. This allows 
us to define vector valued spherical functions for the one-parameter family of quantum 
symmetric pairs in essentially the same manner as in the classical case [22 , with the 
exception that we have now the additional freedom to choose different coideal subalgebras 
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for the transformation behaviour under the left and right regular action, respectively. We 
relate the resulting vector valued spherical functions, which now depend on two continuous 
and three discrete parameters, to the five parameter family of Macdonald-Koornwinder 
polynomials. The Macdonald-Koornwinder polynomials are Koornwinder's extension 
of the 5C-type Macdonald polynomials that contain all Macdonald polynomials of classical 
type as special cases. 

The interpretation of the five parameter family of Macdonald-Koornwinder polynomials 
as vector valued spherical functions contains several known results as special cases. It 
entails the interpretation of a two parameter subfamily of Macdonald-Koornwinder poly- 
nomials as zonal spherical functions on quantum Grassmannians, which was established 
by Noumi, Sugitani and Dijkhuizen jTH] (see also [2]). This special case plays in fact an es- 
sential role in establishing our general result. In rank one we reobtain the interpretation of 
the four parameter family of Askey- Wilson polynomials as matrix coefficients of quantum 
sl(2) representations, established before by Koornwinder jU] (zonal case), and by Noumi 
and Mimachi [20] and Koelink [S] (general case). 

The content of the paper is as follows. In §1 we give the main definitions and formulate 
the main result. In §2 we define the notion of expectation value for the quantum symmetric 
pairs under investigation and establish branching rules using deformation theory. In §3 we 
prove the zonal case by translating the main results of |19J to our setup. In §4 we generalize 
the Chevalley restriction theorem to the setup of vector valued spherical functions. Its 
description involves the vector valued spherical function of the smallest degree, which we 
call the ground state (in the zonal case the ground state is the unit). The restriction of 
the ground state to the quantum torus is computed explicitly in §5. In §6 we establish 
the quantum Schur orthogonality relations for the vector valued spherical functions and, 
combined with the results of previous sections, we establish the explicit interpretation of 
the Macdonald-Koornwinder polynomials as vector valued spherical functions. 

The construction of expectation values in §2 and the dynamical quantum group inter- 
pretation of the rank one results in [221 hint at a natural interpretation of the Macdonald- 
Koornwinder polynomials as quantum conformal blocks. A more detailed study in this 
direction is subject of future research. 

Acknowledgments: A substantial part of the research was done when the second author 
visited MIT for a period of three months in the beginning of 2002 and when the first 
author visited the KdV institute in the summer of 2002. Both authors are grateful for the 
hospitality of the institutes. Both authors thank Pavel Etingof for stimulating discussions. 
The second author is supported by the Royal Netherlands Academy of Arts and Sciences 
(KNAW). The first author is supported by the NSF grant DMS-9988796. 

1. Formulation of the main result 

In this section we give definitions of the Macdonald-Koornwinder polynomials, the quan- 
tum symmetric pairs and the associated class of vector valued spherical functions, and we 
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formulate the main result of the paper. We add insightful proofs of some of the interme- 
diate results, but we postpone the more technical parts to later sections. We fix a positive 
integer n > 1 and a deformation parameter < g < 1 throughout the paper. 



1.1. Macdonald-Koornwinder polynomials. Koornwinder jTHj extended the definition 
of the Macdonald polynomials associated to the non-reduced, irreducible root system 
BCn to a family of orthogonal polynomials depending, besides on the deformation pa- 
rameter q, on five additional coupling parameters. This family of polynomials, known 
nowadays as Macdonald-Koornwinder polynomials, reduces for n = 1 to the celebrated, 
four parameter family of Askey- Wilson polynomials. In this subsection we recall their 
definition. 

Denote A„ for the lattice and let C A^ be the set of partitions of length < n. 
The dominance partial order on A„ is defined by 



A</i < jU, 



1=1 1=1 



The Weyl group W = Sn ^ {=^1}"" of BCn, where Sn is the symmetric group in n letters, 
acts on An by permutations and sign changes. Each H^-orbit in A„ intersect A+ exactly 
once. 

Let C[m^^] = C[uf^, . . . ,Un^] be the algebra of Laurent polynomials in n independent 
variables Uk {I < k < n), or, equivalently, the algebra of regular functions on the complex 
ri-torus T*^ = (C*)". A basis of C[m^"^] is given by the monomials = w^^-Ug^ ■ ■ ■ m^" 
(A = (Ai,A2,...,A„) eAn). 

The Weyl group W acts on C[m^^] by permutations and inversions of the u^- Let 
C[m^^]^ C C[m^^] be the subalgebra of H^- invariant Laurent polynomials. The orbit sums 
mx = J2fj.ew\''^^ ^ ^n) form a linear basis of C[m^^]^. 

The Macdonald-Koornwinder polynomials form an orthogonal basis of Cfn"*^^]^ with 
respect to a particular scalar product on C[u^^]'^. The scalar product, which we define 
now first, depends on five additional coupling parameters a, b, c, d and t. It is defined in 
terms of an absolutely continuous measure with respect to the normalized Haar measure 
on the natural compact real form T = T" of T*^ = (C*)"', where T is the unit circle in the 
complex plane. The corresponding weight function A is most conveniently expressed in 
terms of the g-shifted factorial, 

k-l 



q)k = Y[{l-aq'), VA;GZ+U{oo} 



i=0 



by A{u) = A+(m)A+(m-1) with A+(m) = A+{u;a,b,c,d;q,t) defined by 

iuhq)oo -TT {ui/uj,UiUj;q) 



A+(?i) = TT K'^i^'dJoo TT 

fj^ {aui, bui, cui, dui] q)oo i<~-~<„ {tUi/uj, tUiUf, q)c 
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Here (oi, . . . , a^; q)k = 11^=1 ('^j! is a short-hand notation for products of g-shifted fac- 
torials. If a, b, c, d, t are real and 

(1.1) |a|, |c|, |ci| < 1, 0<t<l, 

then A(m) is a positive continuous weight function on T. Under these assumptions, we can 
define the Macdonald-Koornwinder polynomials as follows, see |10j . 

Theorem 1.1. There exist unique W -invariant Laurent polynomials 

Px{u) = Px{u- a, 6, c, d- g, t) e C[u^Y , ^ G A+ 

satisfying the two conditions 

Pxiu) =mx+ ^ cx^m^, some Cx^ G C, 

/tGA^:/^<A 

/ Px{u)P;j^Aiu)— = 0, A^/x, 
Jt u 

where — = ■ ■ ■ ^ is the Haar measure on T. We call Px(u) the monic Macdonald- 

Koornwinder polynomial of degree A G . 

The theorem does not follow by a straightforward Gram-Schmidt type procedure since 
the dominance ordering is not a total ordening. The key tool in proving the theorem is an 
explicit self-adjoint difference operator which maps a symmetric monomial mx to a linear 
combination of symmetric monomials involving only degrees < A (see [10] )• In our 
set-up, the self-adjoint operator arises as the radial part of the quadratic Casimir element 
for the corresponding quantum symmetric pair (see fHl Thm. 3.3]). 

Remark 1.2. Theorem II. II is also valid for generic values of the parameters a, 6, c, d outside 
the region (jl.ip after deforming the compact torus T in the definition of the orthogonality 
relations in a suitable way. In general one looses positivity of the weight function, but 
for suitable values of the parameters (still violating the condition that the modulus of all 
the four parameters a, 6, c and d is less than one), one can reobtain a positive measure by 
shifting the deformed compact torus to T while picking up residues, see j24j . 

1.2. The quantized universal enveloping algebra. We introduce here the notations 
for the quantized universal enveloping algebra of gl(m). For further details and standard 
facts, we refer to [211 ^^^1 [THj . 

In notations below we surpress the dependence on m G Z>o as much as possible. For 
most of our applications, m will be either 2n (in which case we write g for the Lie algebra 
0[(2n)), or m will be n (in which case we stick to the notation Q[{n)). Let 5ij be the 
usual Kronecker delta function (= 1 if i = j, and = otherwise). The quantized universal 
enveloping algebra Uq{Q[{m)) is the unital algebra over C generated by Kf^ (i = 1, . . . , m). 
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2/i (j = 1) • • • 5 ~ 1)) subject to the relations 

KiKj = KjKj, K,Kr' = 1 = Kr^Ki, 

q — q~^ 

XiXj = XjXi and ytyj = yjyi when \i - j\ > 2, 

x'^Xj — {q + q~^)xiXjXi + Xjxl = 0, when \i — j\ = 1, 

ViVj -{1 + (l~^)yiyjyi + VjVi = O, when \i-j\ = l. 

The quantized universal enveloping algebra Ug{gl{m)) is a Hopf *-algebra, with comulti- 
plication 

A{xj) = Xj ^1 + KjKjl^ (g) Xj, 
Hvj) = y, ® Kj^Kj+i + 1 ® 

counit 

e{x,) = e{y,) = 0, e{Kf') = 1, 

antipode 

(1.2) S{x,) = -K-'K,+,x,, S{y,) = -y.K.Kjl,, S{Kf) = Kf^ 
and *-structure 

x] = q-'y,K^Kjl,, y] = qKj^K,^,x,, {Kf^ = Kf\ 

This *-structure corresponds classically to choosing the skew-hermitean matrices u(m) as 
(compact) real form of gl{m). We use the (modified) Sweedler notation A(X) = '^Xi^X2 
(X G Uq{g)) for the co multiplication. 

1.3. The quantum analogues of the symmetric pair (gl(2n), ^[(n) xgl(n)). The real- 
ization of a two parameter subfamily of the Macdonald-Koornwinder polynomials as zonal 
spherical functions on quantizations of the complex Grassmannian by Noumi, Dijkhuizen 
and Sugitani ^^1; see also P], play a crucial role in the present paper. A one-parameter 
family of quantum Grassmannians is defined in 19j in terms of invariance properties with 
respect to an one-parameter family of two-sided coideals, which are analogues of the Lie 
subalgebra t = Ql{n) x Ql{n) C g = Ql{2n). Although there is a natural way to define the 
analogue of the trivial representation of 6 to the coideal setup, this is no longer the case 
for other representations. To get a grip on the non-trivial representations, we replace the 
two-sided coideals by coideal subalgebras of Uq{g), an idea which was suggested by Noumi 
[TH] and developed in full generality in a series of papers jTT], jT2], jUj; IHI 

by Letzter. For the quantum symmetric pair {g,t) = (g[(2n), g[(n) x gl{n)) the coideal 
algebras have a particularly nice presentation in terms of generators and relations, closely 
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resembling the relations of the Drinfeld-Jimbo quantized universal enveloping algebras (see 
[12] and J5 ). 

One of the more technical parts of this paper is the translation of the results of Noumi, 
Dijkhuizen and Sugitani ^HI in the language of right coideal algebras. Unfortunately, in 
doing so it turns out to be more convenient to work with a slightly modified version of 
Letzter's right coideal algebra. In this subsection we define the modified right coideal 
algebra for the symmetric pair (g, t), and we present some of its important properties. 

Let {ei}flli be the standard orthonormal basis of the Euclidean space (IR^*^, (■,■)) and 
denote 

= 9 - ^i+i' j = 1, . . . , 2ra - 1. 

Definition 1.3. Let A be the unital, associative algebra over C with generators '^f^ [i = 
1, . . . , 2n) and f3j (j = 1, . . . , 2n — 1) satisfying the relations 

(1-3) lilj = IjlU lili^ = 1 = 7*"Si, 1i = 72n+l-i 

for i,j = 1,.. . ,2n; 

(1.4) %(3, = g-(^-+^^"+--"^-)/5,-7i 

for i = 1, . . . ,2n and j = 1, . . . ,2n — 1; 

(1-5) m - /3J/3^ = q ^) k2n-j 

for i, j = 1, . . . ,2n — 1 with \i — j\ > 2; 

(1-6) g-'A'A+i -{q + + gA+i/?- = q(3n+ii-%,n 

for i = 1, . . . ,2n — 2 and 

(1.7) qf3^f3,., -{q + q-^)m-l^3^ + g-'A-iA' = q-'fin-iln^kn 

for i = 2, . . . ,2n — 1. 

Observe that A becomes a *-algebra with ^-structure defined by 

for i = 1, . . . ,2n and j = 1, . . . , 2n — 1. 
Proposition 1.4. Let cr G M. The assignment 

7r.(/?„) = ynK-l,K-' + K-'xr^K-^ + (^^— ? ) 

fori e {1, . . . , 2n} and j G {1, . . . ,2n— l}\{n}, uniquely extends to an injective *-algebra 
homomorphism tc^j : A ^ Uq{g). 
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Proof. This is essentially [T^ Thm. 7.1] for the symmetric pair of type AIII (Case 2), 
see |TB| §7]. More specifically, following the proof of fTH. Lem. 2.2] one shows that the 
assignment ()1.8|1 uniquely extends to a unital *-algebra homomorphism tt^ : A ^ Uq{g) 
for (T G M. The injectivity of tTo- follows by a straightforward modification of the proof of 
dH Prop. 2.3]. □ 

Definition 1.5. Let cr G R. We call {Uq{Q),Aa) with = tt„{A), a quantum analogue 
of the symmetric pair (g, 6) = {gl{2n) , gl{n) x Ql{n)). We denote 

(1.9) a = vr^(7.), B, = n^{[3,), = 7r^{(3n) 

(i G {1, . . . , 2n} and j G {1, . . . , 2n — 1} \ {n}) for the image of the generators of A under 
the embedding tTo-. 

We fix (T G M once and for all, unless specified differently. 

The terminology in Definition 11.51 can formally be justified as follows, cf., e.g., §3]. 
Taking the classical limit g — ^ 1 of the (modified) generators of Aa gives 

—-, ^ -r Ili2n+l-i,2n+l-ii 

Q — Q 

-Dj ~r rJ2n-j,2n+l-j, 

—>■ En+l,n + En^n+l — O" 1 

for i G {1, . . . ,n} and j G {1, . . . , 2n — 1} \ {n}, where Eij G C f/(0) is the matrix 
unit with a one in row i and column j, and zeroes elsewhere. The unital subalgebra A of 
U{q) generated by the classical limits (jl.l(J|) of the generators of A^ is independent of a 
and isomorphic to the subalgebra U{V) C f/(g). The isomorphism is induced by the inner 
automorphism Ad((7) of g, with g G GL(2r?,; C) given explicitly by 



(1.11) 9 - ^j:XE,, + E,2n^^-^ + - 

* 1=1 

In fact, the associated inner automorphism of f/(g) preserves all classical generators ()1.10|) 
of A besides En+i,n + -E'n,n+i — crl, which is mapped to — En+i,n+i — crl. 

The classical isomorphism A ^ U{t) via the inner automorphism Ad{g) has the following 
weak analogue on the quantum group level. Let f/g(6) be the Hopf *-subalgebra of ?7g(g) 
generated by K^^ (i G {1, . . . , 2n}) and Xj, Uj (j G {1, . . . , 2n — 1} \ {n}). Denote 

(1.12) B^ = ^- I " G Uq{t), 

q-q 

which has En^n — -En+i.n+i — crl as classical limit. 

Proposition 1.6. Let I C Uq{i) be the two-sided *-ideal generated by Xn-iVn+i- The 
assignment 

0.(7.) = a + /, 0<x(/5,) = B, + /, Mf3n) =K + I 
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for i E {1, . . . , n} and j G {1, . . . , 2n — 1} \ {n] uniquely extends to a *-algebra homomor- 
phism (f)a- : A Ug{t)/I. 

Proof. In view of Proposition 11.41 (p^^ extends to an algebra homomorphism (f)^ : A ^ 
Uq{t)/I if 0O- respects the defining relations of A involving This is a straighforward, 
but tedious computation. The *-ideal / plays only a role for the relations for i = n — 1 
and relation (jl.7|) for i = n + 1 (which in turn are each others *-images). In Ug{t) we have 
the relation 

q-'Bl_,B: - (g + g-i)5„_i5:i?„_i + qB:Bl_, = q-^'-^q'' - q^)xn+iyn-iK-l,K-' K'^,, 

which, modulo I, reduces to the 0o--image of relation for i = n — 1. The case 

i = n + 1 is checked similarly. It is clear that the algebra homomorphism (p^ respects the 
*-structure. □ 

Remark 1.7. Denote [/g(g[(2))'^") C Uq{g) for the copy of the unital Hopf-*-algebra Uq{gl{2)) 
in f/g(g), generated by Xn,yn, K^li- Note that both 5^ G f/g(g[(2))(") and 5^ G 
f/q(0[(2))*^"\ with B^ given by (jl.l2j) . By |22], there exists an invertible element x^ in a 

suitable completion of f/g(gl(2))*^") such that XaB^x~^ = B^. Explicitly, Xa can be given 
as formal infinite series by 

The element Xa is essentially Babelon's !l] vertex-IRF transformation, which leads to 
an interpretation of the parameter a as a dynamical parameter in the sense of dynamical 
quantum groups, see jSHj for a detailed discussion and further references. Note furthermore 



that conjugating by x^ fixes all other generators Bj and Cf^ of Aa- besides -B„_i and Bn+i. 

Let S C Aa C Ug{g) be the unital subalgebra generated by the cr-independent generators 
Cf^ (i G {1, . . . , 2n}) and Bj (j G {1, . . . , 2n - 1} \ {n}) of A^- We end this subsection by 
proving that S is essentially the subalgebra Uq{gl{n)), diagonally embedded in Uq{g). 

Throughout this paper we identify 

as *-Hopf algebras, by identifying ® 1, yj ® 1 and Kf^ ® 1 (respectively 1 Xj, 1 ® yj 
and 1 ® Kf^) with Xj^yj and Kf^ (respectively Xn+j, y-n+j and -ft'j^+j) for j = 1, . . . , n — 1 
and i = 1, . . . ,n. Let : Uq{Ql{n)) — > [/^(^[(n)) be the *-algebra isomorphism defined by 

(1-14) ^(x,) V'(z/,)=^n-i, V^(irfi) = if„±;,_, 

for j = 1, . . . , ra — 1 and z = 1, . . . , ra. Let A^^ be the opposite comultiplication of Uq{Q[{n)). 
Lemma 1.8. For j = 1, . . . , n — 1 and i = 1, . . . ,n we have 

{td®ij)^.°\y,Kjl^) = B,, 

{zd(g)^lj)A''P{x,Kr^) = B2n-j, 
{id®tlj)A°P{Kf^) = Cf\ 
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Furthermore, [id®ilj)A°P defines a *-algebra isomorphism 

{td0^)A°P : Ug{gl{n)) ^ S C A. n U,{i) C U,{g). 

Proof. The proof is straightforward. □ 

Other crucial properties of the quantum symmetric pairs {Ug{g) , A^) , such as the coideal 
property of A^^ C Ug{g), are discussed in later sections. 

1.4. Representations. We discuss those aspects of the representation theory associated 
to the quantum symmetric pairs {Ug{Q),Ao-) which are relevant for the purposes of this 
paper. We start by recalling some standard facts on the finite dimensional representation 
theory of the quantized universal enveloping algebra Uq{Ql{m)). If no confusion can arise, 
we surpress in the following definitions the dependence on m as much as possible. 
Let Pm = ©i^i "^^i — Z^"^ be the rational character lattice of GL(m; C) and 

the associated cone of dominant weights. 

We only consider finite dimensional left f/g(gl(m))-modules M with weights in Pm, i.e. 
we assume that M has weight decomposition 

M = M[/i], 

M[/i] = {v e M\KiV = q^^'v z = 1, . . . , m}. 

Any such finite dimensional [/q(0)-module M is ?7g(0)-semisimple. The irreducible ones 
are the irreducible finite dimensional highest weight representations L\ of f/g(g[(m)) with 
highest weight A G P^- 

The irreducible module Lx (A G P^) has a one-dimensional weight space -La[A]. A vector 
vx spanning La[A] is called a highest weight vector of L^. A highest weight vector vx is a 
cyclic vector of Lx satisfying XjVx = for j = 1, . . . , m — 1. In particular, 

Lx= 

with ^ the A-type dominance order on Pm'- A ^ /i for A, /i G Pm if 

3 j mm 

^\<^^^i (j G {!,..., m- 1}), X^Ai = ^/ii. 

i=l 1=1 i=l i=l 

There exists a scalar product (■, ■)a on La, unique up to constant multiples, such that 
{Xv, w)x = {v, X*w)x, yv,we Lx, VX G f/,(sl(m)). 
Consequently, any finite dimensional ?7g(gl(m))-module M is *-unitarizable. 

Definition 1.9. We write M" for a left Uq{Q)-module M , viewed as Aa-module by restric- 
tion of the action to the subalgebra Aa C Uq{Q). 

Since Aa C Uqi^Q) is ^-invariant, we have the following result, cf., e.g., |T31 Thm. 3.3]. 
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Lemma 1.10. If M is a finite dimensional Uq{Q) -module, then M" is Aa-semisimple. 

An abstract representation theory for Aa was developed by Letzter [T21 §5-7] in the 
general context of quantum symmetric pairs. For our purposes it is more convenient to have 
concrete realizations of certain special ^^-representations. These special representations 
are constructed using the following corollary of Proposition 11.61 

Corollary 1.11. Let V be a finite dimensional Hilbert space and let p : Uq{t) —>■ Endc{V) 
be a * -representation such that I C Ker{p). Denote by p : Uq{l)/I Endc{V) the 
associated *-representation ofUq{t)/I. Then 

Pa = P O (pa O ■ Aa ^ End{Va) , 

with Va = V as finite dimensional Hilbert space, defines a * -representation of Aa such that 
Pale = pie- 
Remark 1.12. With the conventions of Corollarv 11.111 we can define a *-representation 
P<T,r = p o 0^ o of Aa foT arbitrary a, r G M. The ^-representation pa^r thus satisfies 

PaAB:) = p{B:). 

The special role of pa = pa,a follows from the fact that 5^ and B!^ are conjugate in Uq{g) 
(cf. Remark 1 1.7|) and from the fact that the formal classical limit of Pa = Pa,a is equivalent 
to the formal classical limit of p via the isomorphism A ~ Uq{t) constructed in §1.3. 

Let Ki G Z and n G Z>o. Denote V{k,,k,i) for the irreducible, finite dimensional Uq{t)- 
module 

Here we have used the shorthand notation (k™) G for the m-tuple with all entries 
equal to k. The representation map of V{k,,k,i) will be denoted by p{k,ki). Clearly 
there exists a scalar product on V{k,ki), unique up to constant multiples, such that 
p{k, Ki) : Uq{t) Endciyi^K,, Ki)) is a ^-representation. Since L(_Kj)n is one-dimensional, 
Xn-i G Uq{gl{n)) acts as zero, hence I C ker(p(K, Thus we obtain a *-representation 

p{k, Ki)a : Aa Endc(V"(K, Ki)a) 

by the previous corollary. To simplify notations, we denote 

ipiKl)a,V{Ki)a) = (p(0, Ki )^, V(0, Ki)^) . 

The [/q(gl(n))-module L(^(^n-i)K,{-K)"-^) is the quantum analogue of the GL(?t,; C)-module 
S'"''(C'^) det"'', where 5''"(C") is the space of homogeneous polynomials on of degree 
m. This is precisely the [/g(0l(n))-module which plays the crucial role in Etingof's and 
Kirillov's theory on A-type Macdonald polynomials and generalized quantum group 
characters. The module iv((n-i)K,(-K)"-i) admits a concrete description (see, e.g., jHl §5]) 
which can be directly lifted to V{k,, K,i)a, leading to the following result. 
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Lemma 1.13. Let JT^ be the set of n-tuples m = (mi, . . . , m„) G Z>q which sum up to nn. 
There exists a a -independent basis {rm_|m G J7k} of V{h, ki) such that 

p{K, n.UB^y^ = \ q-q-^ ) ""rn-e.+e,^,. 

/ m^+i _ q-rrij+i \ 

p{K,Ki)^{B2n-j)rrn = q ( q - q-i J '^ni+ej-e,+^, 

(g— o"+2{k— Ki— m„) g(7+2Ki \ 
) 

/or z = 1, . . . , n and j = 1, . . . ,n — 1, where we have used the convention that = ^/ 
m ^ X. 

Lemma f 1 . 1 31 implies that the common eigenspace 

(1.15) V{K,,Ki)a = {V eV{K,,K,i)a I p{K,,Hl)a{Ci)v = V Vz} 

is one-dimensional and spanned by 

The following lemma follows directly from Lemma fl. 131 

Lemma 1.14. The Aa-module V{n^ni)a, viewed as Uq{Q[{n)) -module by restricting the 
module structure to S G and using the isomorphism £ ~ f/g(gl(n)) of Lemma is 
isomorphic to the simple Uq{gl{n)) -module L((„_i)k (^^-jn-i). In particular, K(k, ki)o- is a 
simple Aa-module. 

We end this subsection by formulating branching rules for the quantum symmetric pair 
{Uq{Q),Aa). For the formulation it is convenient to define an injective map : A„ — 
by 

(1.16) p^ = {pi,P2, • • • ,Atn, -/in, • • • , -/i2, -f^l)- 

Observe that restricts to a map ^ : P^, and that respects the dominance order, 

so p^ :< for p,v G kn '\i p < V ■ 

Proposition 1.15. Let /t2 G Z and /t, G Z>o with —Ki < ^2 < Hi, and set 

(1.17) 6{k, Ki) = {ki + {n — 1)k, ki + (n — 2)k, . . . , ki) G A'^. 

Let A G P^. The simple A^-modules l^(/t, ki)^- and 1^(^2)0- are both constituents of the 
Aa-module if and only if \ E (A+ + 6{k, fi:i))^ For such X, both V{k,, Ki)^- and V{K,2)a 
occur with multiplicity one in L^. 

For K = = /t2 = 0, Proposition 11.151 states which of the simple, finite dimensional 
f/g(g)-modules Lx are spherical with respect to Aa- This was proven for general quantum 
symmetric pairs in 13, Thm. 4.3]. This special case can also be derived from the results 
in [19j, see Lemma (3.51 The classical case {q = 1) of Proposition 11.151 was proven in j221 
using the Littlewood-Richardson rule. Finally, for n = 1 (in which case the parameter k 
is reduntant). Proposition II . 1 51 is due to Koornwinder P, who used g-special functions for 
the proof. The general proof of Proposition II . 15l is discussed in §2. 
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Remark 1.16. In the remainder of the paper we always assume the conditions k, ki G Z>o 
and — Ki < /t2 < /^i on the representation labels k, ki, k,2 £ Z? and we use the short hand 
notation k, = K2, k). There are three other parameter domains for k for which similar 
results can be derived with only minor alterations, namely Hi, H2 G Z, k G Z>o satisfying 
Ki G Z<o and Ki < /t2 < —Hi, or K2 G Z>o and — < < ^2, or K2 G Z<o and 
/t2 < ^1 < — ^2, compare with 8} for the special case n = 1 and with [22] for the classical 
case (g = 1). 

1.5. Vector valued spherical functions. We write G = GL(2n; C) for the general linear 
group. The quantized algebra of regular functions Cq[G] C Ug^Q)* is the span of the matrix 
coefficients of the irreducible f/g(0)-representations Lx (A G P^). The quantized function 
algebra Cq[G] inherets from Uq^Q) the structure of a Hopf *-algebra. In particular, the 
^-structure on Cq[G] is defined by 



with W{X) the span of the matrix coefficients of Lx, is the irreducible decomposition 
of CqfG] as ?7g(0)-bimodule. For any vector space V, we may and will view elements 
f E Cq[G] as linear maps / : Uq{Q) V. 

Recall the conventions and notations for the representation labels k from Remark 11.161 
We fix 0", r G M once and for all, unless specified differently. In the following definition we 
identify V{K2)a — C as vector spaces and view p{i^2)a as character of Aa. 



Definition 1.17. We call f G Cq[G] ® V{K,Ki)r a vector valued spherical function if for 
allXeUqig), 



We denote by FZ''^ the space of vector valued spherical functions. 

By standard arguments (compare, e.g., with [221 classical setup, and with Lemma 

14. ip . we obtain the following corollary of Lemma fl.lUI and Proposition ll.151 

Corollary 1.18. The space of vector valued spherical functions FZ'^ decomposes as 




(1.18) Cq[G] = W{X) 



f{Xa)=p{K2).{a)f{X), 
f{bX)=p{K,K,Ub)f{X) 



Va G Aa, 
yb G Ar. 




with FZ''^{p) the one- dimensional vector space 



FZ^^ip) = FZ^^ n {W{{fi + 6{k, k,)Y) ® V{k, , 



/i G A; 
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We call a function 7^ / G F^'^{fi) an elementary vector valued spherical function of 
degree ^ G A+. 

We consider now the restriction of vector valued spherical functions to the commutative 
subalgebra C Ug{g) generated by the group-like elements K^^ (j = 1, . . . , 2n). Denote 

which form a linear basis of f/°, and define 6 = G by 

S= (2n- l,2n-2,...,l,0). 

Let C[2;^^] be the algebra of Laurent polynomials in 2n variables zi, . . . , z^n- 

Definition 1.19. Let V he a complex vector space and f G Cg[G] (8> V , viewed as linear 
map f : Ug^Q) V. We define a regular function /|t : (C*)^" — >• V {or, equivalently, 
/|r £ Cfz"*^"*^] ® V) by the requirement that 

flTiq') = fiK^~') VAGP2n, 

where q^ = {q^^, . . . , q^^"-). The resulting linear map 

\T:Cg[G](^V ^C[z^']^V, f^fW 

is called the restriction map. 

We define elements Ui G C[2;^^] by 

(1.19) Ui = ZiZ2^^^_i, i = 1, . . . , n, 

and we write C[m''^"'^] C C[2^^] for the subalgebra generated by the uf^. Recall the one- 
dimensional subspace V{k, ki)^ C V{k, ki)^- defined by (jl.l5|) . 

Lemma 1.20. If f e FZ'^ C Cg[G]®V{n, ni)^, then fix G C[u^^]®V{k, Ki)r. Identifying 
the one- dimensional vector space V{k,, Ki)r with C, the restriction map thus gives rise to a 
linear map 

Proof. Fix / G F^''^ . For i = 1, . . . ,n and X G f/° we compute 

piK,mUC,)fix) = fiax) 

= p{K,UQ)f{X) = f{X), 

hence f{X) G V{k,Ki)t-. Identifying V{k,Ki)t ~ C, we thus conclude that /|r G C[2^^]. 
The formulas /(XQ) = /(X) for X G f/° and i = 1, . . . , n imply that /|t G C[u^^]. □ 

The following main result of this paper gives a representation theoretic interpretation of 
the full five parameter family of Macdonald-Koornwinder polynomials (with two parame- 
ters continuous, and three parameters discrete). 
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Theorem 1.21. Fix parameters a, r G M and k, = (/ti, /t2, k) G with n, Hi G Z>o and 
—Ki < ^2 < ft^i- Let /o G F^'^(O) &e an elementary vector valued spherical function of 
degree G A^. 

(i) The restriction map \t defines a linear bijection 

W-.F^^^^^foWciu^T- 

(ii) We have 

n 

l<i<j<n 

for some nonzero constant C. 

(iii) If ffj, G F^'^{fi) is an elementary vector valued spherical function of degree fi G A+, 
then 

f. I — -L^ JTf^yu, q 1 H jy jy 1 H 1 H ) 

JoIt 

/or some nonzero constant D . 

Remark 1.22. In the special case n = 1 Theorem 11.211 gives a representation theoretic 
interpretation of the Askey- Wilson polynomials, which is in accordance with the results 
from P, [20] and jH]. The classical case (g = 1) of Theorem 11.211 was proven in |22]. In §3 
we show that Theorem II .211 for Ki = ^2 = = follows from the main results in [T^ . 

The proof of Theorem ll.21f i). (ii) and (iii) is given in §4, §5 and §6, respectively. 



2. Branching rules 

The main goal of this section is to establish the specific branching rules for the quantum 
symmetric pairs {Uqi^Q), Aa) as formulated in Proposition II. 151 We start with defining and 
studying the notion of the expectation value for the quantum symmetric pairs {lJq{Q),Aa)- 

2.1. The expectation value. The expectation value for intertwiners plays a crucial role 
in the representation theoretic approach to quantum field theory, see, e.g., j3]. The notion 
of expectation value is naturally associated to symmetric pairs {H x if, diag(if)) with H 
a semisimple Lie group and diag(if) the diagonal embedding of H in H x H, as well as to 
their quantum analogues {Uq{\:})^Uq{t)), A([/g(f)))) with i) a semisimple Lie algebra. In this 
subsection we define the expectation value for the quantum symmetric pair {Uq{Q),Aa)- 
As we shall see, this directly leads to information on branching rules for the quantum 
symmetric pairs {Uq{Q),Aa). 

For A G P.^ we choose a highest weight vector vx E Lx [A] and a lowest weight vector 
7^ VwgX G Lx[wo\], where wq G S2n is the longest Weyl group element, Wo{i) = 2n + 1 — i 
for all i. Both vx and v^gx are unique up to a multiplicative constant. 
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Definition 2.1. Let M be a left -module and denote i/om^^(L^, M) for the space of A^- 
intertwiners M . The maps h^, l\j : Honi_A„{L'^, M) — > M , defined by h\j[(l)) = 4>{vx) 

and l\4{(t)) = (j){vwf^x), are called the higher and lower expectation maps, respectively. The 
values h\i{(j)) and ImI^P) called the higher and lower expectation value of (p. 

Define a map b : ~^ A„ by 

A** = (Ai + A2n, A2 + A2n-1, " " " , A„ + A„+i), A G P2n- 

Observe that the kernel of b equals Aj^ and that (wqA)'' = A'' for all A G P2n- If M is a left 
^o--module and G A„, then we define 

(2.1) Mi, = {m e M\Cim = q^^'m, Vi = l,...,n}. 

Proposition 2.2. Let M be a left Aa-niodule and let A G P2n- The expectation maps h^ 
and l\,]^ are injective, with image contained in Mx\> ■ 

Proof. We prove the proposition for the expectation map /i^^, the proof for l\^ is analogous. 
For i = 1, . . . , n and G Hom_4^ (L^, M ) we have 

so h\^{(f)) G M^b. Thus the image of h^^ is contained in M^b. 

Suppose G Hom(L^, M) is in the kernel of hj^, so (f){vx) = 0. We show that (f){v) = for 
V G Lxliy] and ^ A by induction on the height ht(A— z/) G Z>o, where ht(A— z/) = Yli^i^ 
if nii are the unique positive integers such that A — z/ = J2i ^iC^i- So suppose that (f){v) = 
for all vectors v G -^va[z^] with i> ^ X and ht(A — u) < N. 

For arbitrary z/ G P2n we have -Z^aI'^] = {0} unless z/ ^ A and 

2n-l 

i=i 

where yj = yjKj^^K2n-j- To prove the induction step, it thus suffices to show that 
4>{yjv) = for all j when f G La[z^], z/ ^ A and ht(A — u) = N. If v is such a vector, then 
by the explicit form of Bj and B!^ and by the induction hypothesis, 

cl){yjv) = (PiB.v) = B,(P{v) = 0, 
<j){y^v) = <f){By) = By{v) = 

for j G {1, . . . , 2n — 1} \ {n}, as desired. □ 

Since is ^^-semisimple by Lemma 11.101 the previous proposition has the following 
immediate consequence. 

Corollary 2.3. If M is a simple A^-niodule and A G P^, then the number of summands 
isomorphic to M in the irreducible decomposition of is bounded by Dim{Mx\> ) • 

Recall the conditions on the representation labels k = (zti, K25 from Remark ) 1.161 
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Lemma 2.4. Let A G P^. If both V{k,,k,i)(j and V{K,2)a occur as constituent in the 
irreducible decomposition of the Aa-semisimple module L'^, then A G (A^ + /ti))^ For 
such A, the modules V{n^ and V{n2)<7 occur at most with multiplicity one in L^. 

Proof. The weight spaces (see (12 .11) ) for the simple ^o--modules M = V{K,Ki)a- and 
M = V{K,2)cr are at most one-dimensional by Lemma II.IHI Thus for any A G P^, the 
number of summands isomorphic to V{k,, k,i)„ or to V{K,2)a in the irreducible decomposition 
of is at most one by Corollary 12.31 

If f G V{K2)a then CiV = v for all i, hence V{K,2)cr can only occur as constituent in the 
irreducible decomposition of when A G ^ Ker(t') = (A+)^ 

Fix fi G such that V{k,, K,i)a occurs as constituent of the irreducible decomposition of 
L^i,. It remains to show that this assumption imposes the additional restrictions /i„ > 
and /ij — yUj+i > K {j = 1, . . . , n — 1) on /i. Throughout the proof, we fix a nonzero 
intertwiner G Hom^^ (L^^ , V{k, /€i)o-) . 

We start with proving /i„ > ki. We use the notations of Remark ITTTl Standard f/g(0[(2))- 
representation theory implies that V = f/g(gl(2))(")t>^i C L^t, is the (2yU„ + l)-dimensional 
irreducible representation of f/g(g[(2))*^") ^ Ug{Ql{2)) with highest weight — /i„) and 
highest weight vector v^i,, and that -B^|y G Endc(V") is semisimple with simple spectrum 

-a+2l _ u-21 

y y T -1 

q-q 

Observe furthermore that V is Xcr-stable. Since XaB^x~^ = B^, it follows that B^\v G 
Endc(V^) is semisimple with simple spectrum {s^ | / = —/in, • • • , /^n — 1, fJ-n}- Proposition l2.2l 
and the fact that Ci centralizes Ug{Ql{2))^'^^ for i = 1, . . . , imply that (j){V) = V{k, ki)^ 
with V{K,Ki)cr the one-dimensional space defined by ()1.15|) . On the other hand, Lemma 
11.131 shows that V^(k, ki)^- is the eigenspace of p(k, ki)o-(-B^) with eigenvalue s.^j, hence 
S-Ki must be in the spectrum of -B^|y. Consequently, /i„ > Ki. 

Next we show that fij — fij^i > /t for j = 1, . . . , n — 1. Fix j G {1, . . . , n — 1}. Since 
7^ (p{v^\}) G V{K,Ki)a by Proposition 12.21 we conclude from the explicit description of 
V{k,,k,i)^ (see Lemma fl.l3|) that 

(PiB^v^,) = p(/t,«:i).(5;)0(v) ^ 0- 
This implies that BjV^\, 7^ in L^t, . We write Bj = yj + X2n-j with 

Vj ~ yj^j+l^2n-j-i X2n-j = Kj X2n-jK2n-j- 

Since v^^ G L^^ is a highest weight vector, the commutation relation X2n-jyj = (f'yjX2n-j 
in Uqi^o) implies 

and consequently yfv^\i 7^ 0. Standard arguments from f/g(gl(2)) ~ C{xj,yj, K^^, K^^^^) 
representation theory imply that fij — fij+i is the largest positive integer m for which 
y^'v^t, 7^ in L^t, . We conclude that fij — /ij+i > k, as desired. □ 
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In, e.g., ^H] and highest weight considerations are used to determine branching 
rules for quantum symmetric pairs. These highest weight arguments can be formahzed 
and generahzed in the present setting as follows. 

Lemma 2.5. Let X G P^n o-nd let {0} ^ M (1 be an Aa-suhmodule. Then 

In other words, there exists a vector m+ G M {resp. m_ G M) whose decomposition in 
U'^ -weights has a nonzero highest {resp. lowest) weight contribution. 

Proof. Suppose M C is an ^o--submodule and 

(2.2) MC0LaH. 

Let M"*- be the orthocomplement of M in L\ with respect to the *-unitary scalar product 
(■, ■)a on La. Then M-*- is an ^o--module complement of M in L^. Let vr G Hom_4^(L^, M) 
be the projection onto M along M-*-. By the *-selfadjointness of the -ft'i's, we have Lx[i>] _L 
La[z^'] for u 7^ u'. Condition ()2.2j) thus implies Lx[X\ C M-^. Hence the higher expectation 
value h^{7i) is zero. Proposition 12.21 then implies vr = 0, hence M = {0}. The second 
statement is proved similarly. □ 

Remark 2.6. For an arbitrary quantum symmetric pairs {U^Bq) in the sense of Letzter 
(see |15| §7] for a complete list), one can make a similar definition of higher and lower 
expectation maps and of expectation values. Following the reasoning of this section, one 
can establish the analogues of Proposition 12. 21 Corollarv 12 . 31 and Lemma in this general 
setup (cf. the proof of [111 Lem. 5.6]). 

2.2. Deformation arguments. In this subsection we complete the proof of Proposi- 
tion ll.lSl bv using deformation arguments. Without loss of generality we may take g = e'^ to 
be a formal deformation parameter. We use part four of Kassel's book as main reference 
for facts and notations related to topological C [[/;,]] -modules and topological C[[/i]]-algebras. 

Let Uhi^o) be the topological version of the quantized universal enveloping algebra f/g(s), 
with topological generators Ei^i, Xj and yj {i G {1, . . . , 2n}, j G {1, . . . , 2n — 1}), where 
Ki = e^^''\ Let Uh{sl{2n)) be the subalgebra of Uh{gl{2n)) topologically generated by the 
elements Ejj — Ej+ij^i, Xj and i/j (j G {1, . . . , 2n — 1}). Note that t/h(s) is the central 
extension of Uh{5l{2n)) by the central element Ei^i + £'2,2 + ■ ■ ■ + E2n,2n- 

The topological version of Aa is the subalgebra of Uhio) topologically generated by 
Bj, B^ £md_Ei^i + E2n+i-i,2n+i-i for j G {1, . . . , 2?2 - 1} \ {n} and i G {1, . . . , n}. We 
denote by A^^ the subalgebra of Uh{sl{2n)) topologically generated by BjCj+i, B^Cn and 
Ei^i-Ei+i^i+i-E2n-i,2n-i+E2n+i-i,2n+i-ifoT j G { 1 , . . . , 2n- 1 } \ {n} and « G 
Note that Aa is the central extension of Aa by the central element Ei 1+E2 2 + - ■ ■+E2n 2n G 
Uhis)- 

L 

We fix A = (/i + S{k,ki)) with /i G A+. To complete the proof of Proposition 11.151 
it suffices to show that the irreducible ^o--module V{k,ki)^ occurs as consituent of L^. 
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Since the central element Ei^i + ■ ■ ■ + E2n,2n acts as zero on the topological versions of 
V{k,, and Lx, it suffices to show that V{k,, is a constituent of when viewed as 
^o-- modules. 

The formal computations after Definition 1.5 and [14, Thm. 7.5] imply that the algebra 
Aa is a deformation of the universal enveloping algebra U (f ) with 

! = Ad(^) (t) n sl{2n) = © CZ, 
where g is given by p.llj) . tss = Ad((7) (s[(r;,) (Bsl{n)), and Z the central element 

2n 

Z = Ad{g){Z') = --Y,E,,2n+i-j 

i=i 

where 

Z' = ——(Ell + -£^2,2 + ■ ■ ■ + En,n — -E'n+l.n+l " En+2,n+2 — ■ ■ ■ — E2n,2n) ■ 

Since f is reductive with one-dimensional center, we have H^(i, U(t)) = {0}. By [H", Thm. 
XVIII. 2. 2] there exists a topological algebra isomorphism 

P^:A^^Umh]] 
which is the identity modulo h. We define 

X = f3;\u{ls)[[h]]), z^ = p;\z), 

then A'^J is a deformation of U(tss), Z^r is central in Aa, and Aa is topologically generated 
by A^ and Za- We denote by {P~^)*(y{K, Ki)a) the module V{K,Ki)a viewed as module 
over ?7(f)[[/i]] via the isomorphism (3a '■ Aa U{i)[[h]] (we will use similar notations to 
indicate the pull back of an action by some algebra morpism) . The way we constructed the 
module V{k, Ki)a in §1 immediately implies that modulo h, we reobtain the irreducible, 
finite dimensional [gl{n) x gl{n)) ns[(2n) ~ I module V^''^^{k,ki) of highest weight 

(2.3) {{-KiT, [ki + {n- 1)^, i^i - G P+ x P+. 

Observe that the central element Z acts as multiplication by ki on V'^''°'^{k, ki), while 
ycias^i^^ Ki) is independent of ni when viewed as module over fg^. Since tss is semisimple, 
we conclude that {P~^y(y{K,Ki)a), viewed as [/(l5s)[[/i]]-module, is isomorphic to the 
C[[/i]]-linear extension of the f^g-module V^''^'^{k, ki). 

Lemma 2.7. There exists a Aa-suhmodule of V{k,, K,i)a C such that 

(i) V{k, Ki)a — V{k, Ki)a as A^ -modules. 

(ii) The central element Za acts as multiplication by a scalar a ^ on V{K,,K,i)a- 

(iii) Modulo h, V{K,Ki)a is thet-module V^''^'^{k, ki) . 

Proof. Since Uh{sl{2n)) is a deformation of the universal enveloping algebra of the simple 
Lie algebra sl(2n), there exists by fij Thm. XVIII. 2. 2] a topological algebra isomorphism 

a : Uhisli2n)) Ui5li2n))[[h]] 
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which is the identity modulo h. The natural embedding : Aa — > Uh{5l{2n)) of topological 
algebras can thus be pulled back to obtain an embedding 

7. = a o o : Umh]] ^ f/(s[(2n))[[/i]] 

of topological algebras, which is the identity modulo h. Since f^s is semisimple, we have 
H^(tss,U{sl{2n))) = {0}, hence there exists an invertible element F„ G U{5l{2n))[[h]] 
which is 1 modulo h such that 

(2.4) 7<,(X) = F^XF;' VX e U{l,s)[[h]] C f/(!)[[/i]] C U{3ii2n))[[h]] 

by P Thm. XVIII. 2.1]. 

Let be the irreducible U{sl{2n))- module corresponding to the highest weight A. 
We denote V C Lf"-^ for its Ki)-isotypical component viewed as f/(fss) -module. 

The central element Z G f acts semisimply on V and the corresponding Z-eigenspaces Vr 
of V (with r the Z-eigenvalue) yield the V^'^'"*(k, r) -isotypical components of Lf"''^ viewed 
now as f-module. By the classical branching rules |^ Lemma 3] for the symmetric pair 
(0,0[(n) X 0[(n)) we have ~ V'^^'^^{k,, ki). 

Let L^^'^'^ff/i]] be the f/(5[(2n))[[/;,]]-module obtained by C[[/i]] -linear extension of the 
C/(s[(2n))-module structure on L^'"^ Then ~ (a o taYiLf^-^Hh]]) as topological A^- 
module. Now consider the [/(f) -module 

{f3;'nLi) = ^:{Lnh]]). 

By dOI), KV[[h]] is the ■1/^^''"(k, ki) [[/i]]-isotypical component of the [/(!,,) [[/i]] -module 
7*(L^'"*[[/i]]). The proof is now completed by observing that contains a nonzero 

Z-eigenspace V{n, ki)^ for some eigenvalue G C[[h]] satisfying C,^ = ki modulo h. □ 

The central element Z„ G Aa acts by a scalar G C [[/;.]] on V^k.ki)^- To complete the 
arguments it thus remains to prove the following lemma. 

Lemma 2.8. = m C[[h]]. 

Proof. We use the fact that B^Cn G A^ is conjugate to the Cartan type element 



q-q 1 



in Uh{s\.{2n)), see 122] and Remark 11.71 We first show that B^Cn acts semisimply on 
V{k, ki)ct, with spectrum contained in 

ti = i — I / G Z 

q-q 

Indeed, B^Cn acts semisimply on L^, with spectrum contained in {ti}i(zz. Hence any 
vectors v G V{k, Ki)^ can be written as f = with vi G ker(i?^C„ — ti) C L^. Since 

B^Cn preserves V{K,Ki)a-, we have (i?^C„)'^(f) = J^i^f'^i ^ ^('«)'«i)cr for all k G Z>o. 
Simple calculations involving the Vandermonde determinant shows that there exists G 
C[[h]] such that t;; = X^A; '^K-^n^")'^'" f*^^ hence vi G V^(/t, Ki)^- for all /. By Lemma 

I1.13[ the same statement about the spectrum is valid for the action of B^Cn on V{k,, Ki)o-. 
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Lemma 12.71 and the fact that the eigenvalues ti\h=o = cr — I {I E 'L) remain seperated 
modulo h imply that the dimensions over C[[/;.]] of the i?^C„-eigenspaces of V{k, ki)^ and 
corresponding to a given eigenvalue t/, are the same. In particular, we have 

(2.5) Trv(.,.,)^(i?:C„) = Tr^(.,.,)^(5:C„). 

Next we expand B^Cn in its semisimple and central parts, 



oo 



j=0 

in Aa, with ttj G A^J . Then fl2.5|) leads to the equality 



oo 



(2.6) Y.^ja = Y.bfC 

j=0 j=0 

as formal power series in h, with 

bj = TTv(K,.^)Aaj) e C[[/i]]. 
Now the computations after Definition 1.5 show that 

-^^ig) {BnCn\h=o) = En^n — -f'n+l.n+l — CT 1 = ao|/i=0 + ai\h=oZ' 

with 

_ 1 1 ^ - 1 77 

aoU=0 — El l — ■ ■ ■ -C/„_ln-l H En^n 

n n n 

l-n 1 1 

H En+l,n+l H En+2,n+2 + " " " H E2n,2n — <J 1 

n n n 

and ai|h=o = —2. Thus &i|/i=o 7^ and &j|/i=o = for j > 2. Now we can expand ()2.6|) 
in powers of and compare coefficients of on each side. An easy induction argument 
using hi\h=Q 7^ and hj\h=o = for j > 2 then leads to = C,a (this may be viewed as a 
formal version of the inverse function theorem). □ 

3. Zonal spherical functions 

The purpose of this section is to establish Theorem 11.211 for k = = (0,0,0). This is 
done by translating the results for zonal spherical functions on quantum Grassmannians 
proved in [19| and [2] to the present setting. In ^\ and extensive use is made of the 
L-operators of Uq{g). Roughly speaking, the L-operators L"^ for Uq{g) are the 2n x 2n 
matrices with entries in Ug{Q) obtained from the universal i?-matrix of Uq{Q) by applying 
the vector representation of Uq{g) to one of its components. We refer to Letzter [T21 §6] and 
Noumi JHl for precise definitions, here we only recall those properties of the L-operators 
which are used in this paper. The matrix L"*" (resp. L~) is upper (resp. lower) triangular. 
If G Ug{Q) is the {i,j)th matrix coefficient of L"^, then 

/+ = K 1~ = K'^ 
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for z = 1, . . . , 2r;, and j = 1, . . . ,2n — 1. More generally, If^ (resp. 1^^) is an analogue of the 
root vector of corresponding to the root Cj — ej (resp. tj — Cj). Furthermore, 

k=l 

and S^L"^) = (L^)^^, where the antipode is applied componentwise. 

Define a scalar valued 2n x 2n matrix J*^, depending on an auxiliary parameter cr G M, 

by 

n 2n 

J'^ = {I — q^") E Ek^k — (f E Ek^2n+l-k- 
k=l k=l 

The matrix J°" is a solution of a reflection equation, see Prop. 2.2] or |2 §6] for details. 
Observe furthermore that J'^ is invertible, with inverse 

n 2n 

{J") ^ = (1 — ^'^) E^ E2n+l^k,2n+\-k — Q Ek^2n+\-k- 
k=l k=l 

Definition 3.1 ( JHj, P]). Let C f/<j(0) &e the linear subspace spanned by the 4n^ matrix 
coefficients of L'^ J" — J"L~ . 

Observe that t„ C f/g(s) is a two-sided coideal, i.e. A(6o-) ^ ^o- ® f^(s) + Uq{Q) ® tcr and 
e(to-) = 0. Note furthermore that t* = S{ta) since J°" is symmetric, so to- is not *-stable but 
ta is cij-stable, where u : Uq{Q) Uq{d) is the involutive, anti-linear algebra isomorphism 
uj = * o S. Note that the involution uj is related to the ^-structure on Cg[(j] by 



(3.2) f*{X) = f{uj{X)), f G CJG], X G UM- 
It is convenient to write 

(3.3) uJs{X) = K-'uj{X)K\ X G [/.(fl). 

Note that ujs is an anti-linear algebra involution of f/<j(0), which acts on on the algebraic 
generators of Uq{Q) by 

for i = 1, . . . ,2n and j = 1, . . . ,2n — 1. 

For a subspace U C ^/^(g), let I{U) C [/^(g) be the left ideal of Uq{g) generated by U 
and let A{U) C f/q(g) be the unital subalgebra generated by I{U). Apphed to t„ and 6*, 
we thus obtain two unital subalgebras A(ficr) and A{t*) of f/g(0). In the following lemma 
we link the algebras A{t^) and A(6*) to Aa- 

Lemma 3.2. (i) Aa U u;(X) ^ A{t„). 
(ii) ^5(X)CA(«:). 

Proof, (i) Note that A(6ct) is c<j-stable, because to- is cu-stable. It thus suffices to prove that 
Ao c A{to). 
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The left ideal contains the matrix coefficients of the f/g(g)-valued matrix 

iti,j)i,j = s{L+){L+r - ri-) = r - s{L+)rL-. 

By direct computations one verifies that 

tn,n = q-iq-' - q)Bl + 1 " 

for i G {1, . . . , n} and j G {1, . . . , 2n — 1} \ {n}. The left ideal /(to-) also contains the 
matrix coefficients of 

s{L-){r)-\L+r - rL-){r)-' = s{L-){r)-'L+ - {ryK 

Computing the coefficients of the antidiagonal shows that q^" — q^"Ci G /(to-) for i G 
{l,...,n}. Consequently, all algebraic generators of Aa are contained in hence 
X C A{K). 

(ii) Observe that 

(^3 4) ^5{Bj) = -q {K2n-jy2n-jKj + K2n-jKj+iXj) , 

for z G {1, . . . , n} and j G {1, . . . , 2n — 1} \ {n} are algebraic generators of uJs{Aa)- Using 
similar arguments as in the proof of (i), it can be shown that all these generators are 
contained in A{ll) = A{S{t„)). □ 

For a left [/g(g)-module M and an unital subalgebra A C Uq{g) we define the subspace 
of A-invariant vectors in M by 

= {m e M \ am = e{a)m WaeA}. 

Lemma 3.3. For the Ug{g) -subalgebras A = A^, A = uj{Aa-) and A = usiA^), we have 

(i) I^^m(Lf)=0^/AGP+\(A+)^ 

(ii) Dzm{L^)<ltfXe{At)y 

Proof. The statement for A = Aa follows from the results in §2. 

For Lj{Aa) and uJsiAa), we first remark that any simple, finite dimensional ?7g(g)-module 
Lx (A G P.^) is semisimple as module over the subalgebras uj{Ao-) and us{Aa-). Clearly it 
suffices to prove this for uJs{Acr)- In this case we ffist note that 

(3.5) ujs{X*) = {ujs{X)y, XGt/,(g), 
which follows easily from the fact that 

(3.6) S^{X) = K-^^XK^\ X G Ug{g). 

We conclude that uJs{Aa) is a *-subalgebra of f/g(g), hence Lx is u;5(^o-)-semisimple. 

Straightforward adjustments of the arguments in §2 now lead to the construction of 
expectation values and to the analogue of Proposition 12.21 for the algebras uj{Acr) and 



SPHERICAL FUNCTIONS AND MACDONALD-KOORNWINDER POLYNOMIALS 



23 



LJs{Aa)- Since the elements Ci {i = 1, . . . ,n) are in Lj{Aa-) and ujs{Aa), the lemma now 
follows for these two subalgebras in the same way as for A^- Q 

If the algebra A C Uq^Q) is of the form A = A{U) for some vector space U C Ug{g) and 
e\u = 0, then M'^^'-^'' consists of the vectors m E M which are annihilated hy u E U. In 
this situation, M^^'^^ is called the subspace of [/-fixed vectors, cf. |2]- In particular, 
this applies to U = and U = 6*. We now recall the following result, see Thm. 2.6] 
and Thm. 6.6]. 

Proposition 3.4. For U = and U = t*^ we have 

D^m{Lf''^) =0 A G P+ \ (A+)\ 

Z?.m(Lf = 1 ^/ A G (A+)^ 

Combined with Lemma [3.21 and Lemma f3.3| we obtain 

Lemma 3.5. For A G /iflfe 
(i) L^^ = Ll^^-^ = Lf^\ 



Proof. By Lemma 13.31 and Proposition 13. 4[ all spaces in (i) and (ii) are {0} when A G 
P2I \ (A^)^. 



Let A G (A+)l Lemma O implies D L^''">, L^^-^"' D L^^'^' and L^^^-^^^ D L^^*-^ 
Since Dim(L^) = 1 for A = A{t„) and A = by Proposition 13. 4| we conclude from 

LemmaOthat = L^'^'^K L^^-^^^ = L^'^'^^ and L?'^'^"^ = L^^K □ 



The following result is a direct consequence of the definition of us and of Lemma 13.51 

Corollary 3.6. L^^^^^ = R-^lf-^^^ for all \ e P^^. 

The main object of study in jTHj and |2j is the space of (60-, 6T)-fixed regular functions 
on f/g(0), which is defined as follows. 

Definition 3.7. The space of (tf^jtr)- fixed functions on Uq{Q) is defined by 
n^^- = {fe Cq[G] \ Y-f = f-Z = 0\/YeK,yZe ^}. 
Proposition 3.8. The suh spaces Ti'^''^ and F^'^ of Cq[G] are related by 

Proof. Any / G Ti.'^''^ can be written as a linear combination of functions 

with Va G L^^^'^\ Vr G L^^^''^ and A G (A^)''. On the other hand, any g G F^'^ can be 
written ClS db linear combination of functions 

Uq{g) 3 {Xv^,Vr)x 
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with V(j G L"^" , Vr G and A G (A^) since p(0,0)o- = p(0)o- = e|^^. The proposition 
follows now from the fact that L^^^"^ = L^^*^^ = K'^L^^^^^ = R-^L-^^ and from the 



fact that is *-selfadjoint. □ 

Remark 3.9. (i) The fact that and tr are cu-stable two-sided coideals implies that T-C^'^ C 
Cq[G] is a unital *-subalgebra, cf. 19^ and 0. Furthermore, G f/g(g) is a group-like 
element, so the previous proposition shows that F^'^ C Cg[G] is a unital subalgebra (but 
it is not *-stable!). 

(ii) Observe that e{u!s{X)) = e(X) for X G Uq^Q). Combined with Lemma 1^3} the proof 
of Proposition 13.81 and ()3.5|) . this leads to the alternative description 



7^-.- = {/ G Cq[G] I f{uJs{b)Xa) = e{a)e{b)f{X), VX G f/,(0), Va G X, V6 G A} 
for the space of {t^, 6^)-fixed regular functions on Uq{g). 

Recall that the restriction map \t '■ F^'^ C[m^^] involved a 5-shift: flriQ'^) = f{K^~^) 
for all A G P2n- When dealing with the *-subalgebra 7i°"'^, it is convenient to use the 
restriction map without 5-shift, 

ResT : H'"'^ ^ C[u^'], ResT(/)(g^) = f{K^) VA G Pan, 
since then we have 

ResT(/-K-^) = /|T, V/GF5^ 
cf. Proposition 13.81 Note that Resr is a *-algebra homomorphism, with the *-structure on 
C[m^"'^] defined by 

(3.7) p*=Yl ^""'^ p=Yl ^/^"'^ ^ '^t"^']- 

We are now in a position to translate the main result from ^H] to our present setup. 
Proposition 3.10. Theorem \1.21\ is valid for k, = 0. 

Proof. Observe that 5(0, 0) = 0, hence we can take the unit 1 G Cq[G'] as nonzero element 
in F5'^(0). Clearly 1|t is the unit of C[m^^]. This gives Theorem 1 1 . 2 1 ( ii ^ for k = 0. 

The generalized Chevalley restriction theorem (Theorem ll.21l (i)) for k = reduces to 
the statement that \t '■ F^'^ — > C['U^^]^ is a linear isomorphism. In view of Proposition EiE 
and the 5-shift in the definition of the restriction map \t, this is equivalent to the statement 
that ResT : Ti.'^''^ — > C[m^^]'^ is a linear isomorphism, which follows from TS', Thm. 3.2], 
see also Thm. 7.5]. For a direct proof of this result for an arbitrary quantum symmetric 
pair, see |^J. 

Let 7^ G F5'^(/i) be an elementary spherical function of degree G A+, then 
ff, ■ K-^ G rt"^^ n W{ii^). Consequently, [IHl Thm. 3.4] shows that the restriction = 
Resr(/^ ■ K^^) G C[n''^^]^ is a nonzero scalar multiple of the Macdonald-Koornwinder 
polynomial 

(3.8) P:^^{u) = P,{u- -q-^~^^\ q^-^+\ g^ g^). 
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(see also j21 Thm. 7.5]). This proves Theorem ll.21lf iii) for k = 0. 
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4. The generalized Chevalley theorem 
In this section we prove the generahzed Chevalley restriction theorem (see Theorem 

oni)). 

To simplify notations, we write [■, for the scalar product (■, on the Ug{Q)- 

module -Z^(^+5(k,ki))Ii ifi G A+). 

Lemma 4.1. Let fi G and identify V{K,,Ki)r with its unique copy in the semisim- 
ple Ar-module LJ^h^s{k Ki))t> ^'^'^ ^('^2)0- with its unique copy in the semisimple Aa-niodule 
Ki))ii ■ fiJ. ^ ^d^if^) ^'^ elementary vector valued spherical function of degree 
fi. Then 

for suitably normalized vectors 7^ f G V{K,2)cr and 7^ w G V{k,, k,i)t- Furthermore, 

—Ii—5{k,ki)<u<ij,+5{k,ki) 

for certain constants Cu E C E A„), and c±^±5(k,ki) 7^ 0. 

Proof. Choose an orthonormal basis {bi, . . . , bm} of V (k, ki)^ with respect to the restriction 
of [■, -j^ to V{K,Ki)r such that bi G V{k,Hi)t-. In particular, bi is a nonzero constant 
multiple of w. Then G F^'^{fi) can be reahzed as 

m 

/^(X) = 5^[Xt;,6,],6„ XGf/,(0) 

i=l 

for some ^ v E V{K2)a- We have ffj.{X) G ^(/t, Ki),- for X G f/°, see (the proof 
of) Lemma ll.2(Jl Using the identification V{K,,K,i)r ~ C of vectorspaces given by the 
assignment 61 h-* 1, we obtain 

fMl^) = UK'-') = [K'-'v,b^],, VA G P2n. 

Now both vectors v and 61 satisfy CiV = v and Cibi = bi for i = 1, . . . ,n, hence v[X\ = 
and 61 [A] = for A G unless A G (A„)^ Since t] : A,„ ^ (^n)^ -^an is a bijection 
of partially ordered sets and {—I'Y — '^oi^''^) ^oi v G A„, we conclude that the weight 
decompositions of v and b\ are of the form 

— /I— 5(k,ki)<!^</^+5(k,ki ) — <5(k,ki)<i/<^+(5(k,ki) 

with y[z/''] and 61 [z/''] the components of the vectors v and 61 in the weight space of the 
f/g(0)-module of weight v^. 
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A simple application of Lemma l2.5l shows that v[{±fi±6{K, ki))^] ^ 0. Denote L^^_|_^j.^ ^^^^^ 
for the vectors v G LJ^f^_^s{K m))^ satisfying CiV = t> for i = 1, . . . , n. This subspace con- 
tains the one dimensional weight spaces L(^4,5(^_^j))i, [(±/i ± 6{k,ki)Y] and LJ^^^s{k ki))^ ^ 
V{k, Ki)r = C{6i}. Lemma 1^31 implies bi[(±fi ± S{k, ki))^] ^ 0. Hence 



E 



1/ 



— fJ, — S{K,Kl)<h'<fl+5{K,Kl) 

with Ci, G C satisfying the conditions as stated in the lemma. □ 

A more detailed analysis of the elementary vector valued spherical functions requires 
the right coideal algebra structure of A^- Recall that a right [/q(0)-comodule (M, 6m) is a 
vectorspace M together with a linear map 6m '■ M ^ M ®Uq{Q) satisfying 

[6m ® Idc/,(g)) o 6m = (Wm ® a) o 6m, (Ma/ ® e) o 6m = Wm- 

If M is a unital algebra and 6m is a (unit preserving) algebra homomorphism, then (M, 6m) 
is called a right f/q(g)-comodule algebra. In particular, a unital subalgebra A C Ug^Q) 
satisfying A{A) C A® Uq{g) gives rise to the right comodule algebra (A, A|^). In this 
case, A is called a right coideal subalgebra of Uq{g). 

By computing the action of the comultiplication A on the algebraic generators of Aa, 
one verifies that Aa C Uq{g) is a right f/g(0)-coideal algebra. Using the isomorphism 
Tia : A ^ Aa of algebras, see Proposition 11.41 A inherets a unique right ?7g(g)-comodule 
structure such that : A^ A^ is an isomorphism of right f/g(g)-comodule algebras. The 
right comodule map for A turns out to be independent of a, and is given as follows, cf., 
e.g. 



Proposition 4.2. The algebra A has the structure of a right Uq{g)- comodule algebra, with 
comodule map 5^ given explicitly by 

for i = 1, . . . ,2n and j = 1, . . . , 2n — 1. The map tTct '■ A ^ Aa is an isomorphism of right 
Uq^o) -comodule algebras. 

Finite dimensional ^^-modules do not form a tensor category, since Aa C Uq{g) is not 
a coalgebra. The right coideal algebra structure of Aa implies though that the tensor 
product M® of an ^o--module M and an f/q(g)-module A^ is an ^o--niodule by the usual 
formula 

a ■ (m (g) = ai ■ m® 02 ■ n, m G M, n E N, 

where (recall) A(a) = ^ oi a2 for a G Aa with the ai's from Aa- In the special case 
that M is the one-dimensional ^o--niodule V{k)a {k G Z), we can naturally relate the 
^cr-module V{k)a ®) N to the ^o-+2fc-niodule N'^^'^^ in the following manner. 
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Let Xk '■ -^o- ^ C be the character of V{k)„. The ^o--action on V{k)„ ® N can then be 
rewritten as 

with Q : A(j Uq{g) the unital algebra homomorphism 

(4.1) (-(a) = ^Xfc(ai)a2, a e A^. 

Lemma 4.3. The map Q defines an algebra isomorphism Q : A^ Aa+2k, with inverse 
^a-+2fc . — > Aa- Furthermore, = Tia+2k ° t^^^Ia^ (-^ee Proposition \1.4\ for the 
definition o/tt^), which means that 

(4.2) Ckia) = Q, CkiBj) = B,, Ck{B:) = sr'' 

for i G {1, . . . , 2n} and j G {1, . . . ,2n — 1} \ {n}. 

Proof. By Lemma fl. 131 the values of xt the algebraic generators of Aa are given by 

(4.3) XI{Q) = 1, XUB,) = 0, xim=Uf^'') 

for i G {1, . . . , 2n} and j G {1, . . . , 2n - 1} \ {n}, with {}i{s) (/ G Z) defined by 

— 1 —2/ 

^Ks) = 

q-q 

Combined with Proposition 14.21 one now easily derives ()4.2|) . The remaining statements 
follow now immediately. □ 

Corollary 4.4. Let N he a finite dimensional Uq{Q)-module and suppose that N' C N"^"^^ 
is an Aa+2k-suhmodule. 

(i) V{k)„ ® N' IS an A^-submodule ofV{k)„ N. 

(ii) If N' ~ V{k, K,i)^+2k, then V{k)a ® A^' ^ V^(/t, + k)^ as A^-modules. 

Proof, (i) follows from Lemma [4.31 and (ii) follows from Lemma f4. 31 and Lemma [1.131 □ 

As a first application of these tensor product constructions we derive (a refinement 
of) the generalized Chevalley restriction theorem (see Theorem ll.21l( i)). Before stating 
the result, we first recall some basic facts on tensor products of finite dimensional Uq{Q)- 
modules which we need in the proof. For any A, G P2n) the irreducible decomposition of 
the finite dimensional ?7q(0)-module L\ ® is of the form 



(4.4) Lx®L^ = La+^ © 



for certain multiplicities rf^'^ G Z>o. The copy La+^ has vx ® as highest weight vector. 
We write : Lx ® ^ Lx+^ for the projection along the direct sum decomposition 
(D, and pr^ = pT^k,s(K,Ki)^ ^ A+. 
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Proposition 4.5. Let fi G A+ and choose elementary vector valued spherical functions 
e FZ'^ and /o G F5'''(0). Then f^lx is divisible by /o|t in 'C[u'^^], and 

(4.5) Tl^ = E ^-^^^ e '^i^^T 

jo\t ^ 

for some constants c,^ G C with 7^ 0. 

Proof. The proof is by induction on fi E along the dominance order <. For fi = the 
proposition is trivial. We identify V{0)a with its unique copy in L^i, and V{K2)a with its 
unique copy in LJ^^^^^^^, and we choose nonzero vectors 

We furthermore fix nonzero intertwiners 

0^ G Hom^^(L^^, 1/(0)^), 00 e Hom^^(L^(^^^^)^, 
and we identify V{0)r ^ C as vector spaces. Then 

g^{X) = 0^(Xw7^), /o(X) = MXu,) 
for X G f/g(0) define elementary vector valued spherical functions G FZ''^{fi) and /o G 
F^'^(O). Furthermore, (7^|t is of the form 

(4.6) g^l\T= E ^"^^ 

for some constants rfj^ G C with c?^ 7^ in view of Proposition IH.IOI (in fact, g^lx is a 
nonzero constant multiple of a Macdonald-Koornwinder polynomial of degree fi). 
We now consider the linear map / : f/g(fl) — > V^(ft;, 'ti)T defined by 

f{X)=<p{X{w,®u,)), XGf/,(0), 

with : ~^ i^i)t the linear map defined by 

(f){u0v) = 0^(u)0o(i;), ue L^t>, V e Lsi^^^^^)t>. 

Observe that C{wo- Uo-} is an ^o--submodule of [L^i, i^5(K,Ki)ii)'^ which is isomorphic to 
V{K,2)cr by CoroUarv 14.41 Furthermore, 

G Hom^^ ((L^i ® ^5(«,«i)0^5 '^'('^> /^Or), 

since 

0(a(t; (g) w)) = ^ 0^(ait;)0o(a2w) 

= 0;.(t;)0o(C(I(a)w^) 
= p{k, Ki)^(a)0(f (g) u;) 

for a G G L^\, and w G where, besides the intertwining properties of 0^ and 

00, we have used that Co = M^^. Hence we conclude that / G FZ''^ . 
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By fl4.4|) and Corollary II. 181 we have an expansion 

(4.7) / = E 

with fyi G FZ''^ {v') and f^{-) = (j){-pT^{wa ® Mo-)). Lemma ITHl implies that pT^{wa ® u^) 
spans the unique copy of V{K2)a in Furthermore, o pr^ 7^ since 

(4.8) (j){v^i ® ^5(«,«i)0 = 0A.(v)<^o(^^5(«,«i)O ^ 

by Proposition 12.21 Consequently, is nonzero. 

Up to a nonzero multiplicative constant, is the unique elementary vector valued 
spherical function of degree /x. It thus suffices to prove the induction step for By the 
construction of the vector valued spherical function /, we have 

(4.9) /|t=(^7^|t)(/o|t) 

in C[u^^]. Substituting the expansions ()4.6|) and ()4.7|) of q^It and / respectively in ()4.9|) . 
gives 

ueA+ iy'eA+ 
l'<fl u'<fi 

By the induction hypothesis applied to the fu'lr^ < A*), we conclude that (j4.5p is valid 
for some E C and that c^ = 0. This completes the proof of the induction step. 

□ 

As an immediate corollary of Proposition 14. 5^ we obtain the generalized Chevalley re- 
striction theorem (see Theorem 1 1 . 2 1 If i) ) : 

Corollary 4.6. Let /q G F^'^(O) be an elementary vector valued spherical function of 
degree zero. The restriction map \t induces a linear bijection \x '■ FZ''^ /o|tC[m^^]^. 

5. The ground state 

We define a ground state /o (with respect to (/t, cr, r)) to be an elementary vector valued 
spherical function /o G F^'^{0) of degree zero. Note that a ground state /o is unique up 
to nonzero scalar multiples. In this section we compute the radial part /o|t of a ground 
state /o explicitly. In the first subsection we show that it suffices to compute the ground 
state for k = (0, 0, k) and k, = (ki, K2, 0) seperately. The second and third subsections are 
devoted to the explicit computation of the ground state for these two special cases. 

5.1. Splitting of the ground state. For the computation of the radial part of the ground 
state it is sufficient to compute the radial part for the special cases ki = ^2 = and k = 
in view of the following lemma. 

Lemma 5.1. Let f G F^^^l k2 o)(^) ^'^'^ -f ^ F{o^OK) '^^'^'^^i^) ground states with respect to 
(ki, K2, 0, a, t) and (0, 0, K,a + 2k,2, t + 2/ti), respectively. Then /|t/'|t = /o|t in C[m^^] 
with /o G F^'^(O) a ground state with respect to (k, a, r). 
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Proof. We proceed as in the first part of tlie proof of Proposition 14.51 We identify V{K2)a 
with its unique copy in L^^^^^^^ and V{0)cr^2K2 with its unique copy in L'^^^^y^, and we fix 
nonzero vectors u G V{K,2)cr and v G V{0)cr+2K2- We furthermore fix nonzero intertwiners 

G Hom^^ {L'"s(o,^,,)i,V{Ki)r), </> G Hom^^^^^i 0)^+2ki), 

then the formulas 

/(X) = cfiXu), fix) = 0(Xt;) 

for X e Ugid) define ground states / G F^^^^^^^^^{0) and /' G i^(o;^)5'"^^'''(0)- ^e now 
consider the function fo{X) = ip{X{u (S> f )) for X G f/q(0), with 

(5.1) : I^5(0ai)^ ® ^5(k,0)^ ^ V'(/«i)t ® V{k, 0)^+2ki ^ ^(/t, /«l)r 

defined by ipi^w <S) w') = (p{w) (g) (f){w') for w G L5(o,ki)Ii and to' G -^^^(k^o)!' (see Corollary 14.41 
for the isomorphism V{Ki)r ® V{k, 0)t-+2ki — V{k, Ki)r of ^r-modules in (15.111 ). Similarly 
as in the proof of Proposition 14.51 we have 

/o|t = (/|t)(/1t) 

in C[m^^] and 7^ /o G F^'^ . In the expansion of /o in elementary vector valued spherical 
functions, there is only a contribution of degree zero in view of ()4.4p and Corollarv ll.l8^ 
hence we conclude that /o G F^^^^^ is the ground state with respect to (k, a, r). □ 

5.2. The ground state for k\ = K2 = 0. We compute the radial part /o|r G C[m'^^] 
of the ground state /o G -^(0 «)('-') relating /o|t to the ground state for vector- valued 
?7g(g[(n))-characters, which in turn was computed explicitly by Etingof and Kirillov 3j. 

We use the notations of §1. Denote (p^, K;) for the finite dimensional, irreducible 
?7g(g[(n))-representation L{n-\)K,{-KY-^- We view an element / G Cg[GL(?T,; C)]*^^ ® V 
as a linear map / : ?7q(g[(?7.))®^ — ^ V . 

Definition 5.2. Let he the space of functions f G Cq[GL{n; C)]*^^ (8> satisfying 

/(XA"P(a)) = e(a)/(X), Va G ^/^(fllH), 

/(A"^(6)X) = p.(6)/(X), V6 G f/,(0[H) 
for allX e f/,(0[(n))®2. 

Recall from Lemma Fl . 141 that the isomorphism ?7g(g[(n)) ^ £^ of Lemma Fl . 81 implies that 
the restriction of V{n, ki)^ to £ is isomorphic to as f/g(g[(n))-modules. In the following 
lemma we furthermore use the natural identification Ug{gl{n))'^'^ ~ Uq{t) C Ug^Q), cf. §1.3. 

Lemma 5.3. The assignment 

f^fo{Id®^), 
with ip defined by fll.l4|) . defines a linear map F^''^ — » F^. 

Proof. With the identifications discussed above, the lemma follows immediately from the 
explicit form of the isomorphism Uq{gl{n)) ~ S, see Lemma fl. 81 □ 
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For a left Uq{gl{ri))-module V, we consider its linear dual V* as C/q(£|[(n))-module by 

(X(t>)(v) = (t>{S-\X)v), X e Ug{Ql{n)), <pev\vev. 

Let {V ® V*)'^ be the Uq{Ql{n))-m.odule with representation space V iS)V* and Uq{Ql{n))- 
action 

X{v 0) = ^ X2^; XkI), X e Uq{Ql{n)), v e V, e l^*. 

Lemma 5.4. LetV be a finite dimensional Ug{gl{n)) -module. The Uq{gl{n))-intertwiners 
: (y <^ V*)°P Vk are in bijective correspondence with Uq{gl{n))-intertwiners ^* : y — > 
V V^, where V ^V,^ is now considered as Uq{Ql{n)) -module by 

X{v (g) = ^ Xiv (g) X2W, X e Uq{Ql{n)), V eV,w eV^. 

The bijective correspondence is explicitly given by the formula 

where (recall) K^^- = x2(n-i)^2(n-2) _ _ _^2_^ ^ Uq{Ql{n)). 

Proof. The standard proof is left to the reader. □ 

Let y be a finite dimensional C/g(gl(n))-module with basis {vi} and corresponding dual 
basis {v*}. Let ^ : {V V*yp be an C/g(0l(n))-intertwiner. Then 

i 

defines an element in F^. Any element in is of this form for some V and ^. 

Lemma 5.5. The radial part /|t G C[k^^] of a vector valued spherical function f e F^'^ 
is divisible by 

l<i<j<n 

in C[tt^^]. Moreover, the quotient fir/ 1 G C[ti^^] is Sn-invariant. 

Proof. Let / e F^'"^ be a vector valued spherical function and set g — /o(Id(8)^) G Then 
g = gv,^ for some finite dimensional [/y(gl(n))-module V and some C/g(0l(n))-intertwiner 
i:{V® V*)"^ 14- Let A e Pan, then 

f\j.{q>^) = f{K^-^^") = (8) X"'^") 

with 

(5.2) A''' = (Ai — Aan, A2 — Aan-i, ■ ■ ■ , A„ — A„+i) e P„. 
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By the previous lemma we thus obtain 

i 
i 

The results of Etingof and Kirillov j3] imply 

Tr|v(r(i^'^(-))) = /(gXg"), V/i G Pn 

with = g'^^, . . . , q'^") and p G C[m^"'^]'^". Since / G C[u^^] is a homogeneous Laurent 
polynomial, we arrive at the desired result. □ 

We continue our analysis of the ground state for ki = /t2 = following the method of 
Kirillov [7j. We express the elements Bj (j 7^ n) and of A^^ by 

Bj = yj + X2n-j, B^ = yn + Xn + 'do{q'')K:^'^ 

with 

and with di given by 

— 1 —2/ 

(5.3) ^9Ks) = V, ^ez, 

q-q 

cf. Lemma 1^751 We define elements F„ G f/q(0) by 

Fn-1 = Vn-l, K = ynVn-l " q'^yn-lVn- 

Direct computations lead to the following lemma. 
Lemma 5.6. (i) For any a, 

En = B'^En-1 — En-lB^, 

Fn = B^Fn-l — q~'^Fn^iB^. 
(ii) The following commutation relations hold in Uq{Q), 

En-lFn-l = q'^Fn-lEn-1, En-lFn = q'^FnEn-1, 

E F 1 = F iE E F = a'^F E + (a^"^ - 1)F iE 

For an ordered r-tuple J = {ji,j2, ■ ■ ■ ,jr) with js G {n — 1, n} and r < k we write 
Fj = Fj^Fj^ ■ ■ ■ Fj^, Ej = Ej^ ■ ■ ■ Ej^Ej^ 

and 

rj,n~i = #{s \js = n- 1}, rj^n = r - rj^n-i- 
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We furthermore define the Laurent polynomial Aj G C[?i^-'^] C Cf^;"^-*^] by 

s,t 

where the product is taken over (s, t) E Z>q with < s + 1 < r and t < rj^n- For J = 0, 
we write F(i, = E(i, = 1, r0_„_i = r^^^i = and A0 = 1. Using the notations of Lemma [1.131 
we can now formulate the following result. 

Lemma 5.7. Let f G -^(o'q^) be a vector valued spherical function. Letr G Z>o with r < k, 
and fix an ordered r -tuple J with coefficients from {n — l,n}. Then there exists a Laurent 
polynomial Pj G Cf^;"^^] such that 

Aj{q')f{FjK'"') = Pj{q^)f\T{q^)r^.--^.-r,.+r) 

for all A G P2n- 

Proof. First note that the four elements Y = En-i, E^, F„ all have the same restricted 
weight, 

CjY = q^^'"-^^'-'YCj, V J = 1, . . . , n. 
In particular, we conclude that 

f{FjK^-^) G span{r(«n-2^«_^^«+^)}, 

cf. Lemma fl.l31 hence 

f{FjK^-') = /j(g')r(,„-2,,_,,,+,), VA G P2n 

for a unique Laurent polynomial fj G C[2;^^]. Furthermore, we may and will view all 
formulas below as identities in C[2;^"^] by identifying Cr(Kn-2 ,j+r) — C. 

We thus need to prove the existence of a Laurent polynomial Pj G C[2;''^^] such that 
Aj/j = Pjflx- To avoid unnecessary technicalities we avoid the use of the underlying 
root data as much as possible. Let be the finite set of r-tuples J = (ji, j2, • • • ,jr) with 
js G {n — 1, n}, and write JF** = Uo<r<ft^r- For I, J E T'^ we write / < J if #/ < # J and 
"^i^n < "^j^n-, or if = 7^ J and r/_„ < rj„. We prove the lemma by induction to J G 
along <. For the smallest element J = G JFg, we have A0 = 1, /0 = hence we can 
take P0 = 1. Suppose there exists a Laurent polynomial Pj such that Aj/j = Pjflr for 
all J G J-''^ with J < I = {ii,i2, . . . ,ir) G J>. For simplicity we write ri = r/^„_i and 
^2 = r/,„. 

We write g = g' for (7, (7' G C[z^^] if g — g' lies in the ideal of C[2;^^] generated by the 
/j's for J G JF'' with J < L Sometimes it is convenient to write g{q^) = g'{q^), where 
we have formally evaluated the equivalence g = g' of the Laurent polynomials g and g' in 
z = q^ for arbitrary A G P2n- 

To prove the existence of the Laurent polynomial P/ satisfying A/// = Pi fix, it suffices 
to show that 

(5.4) (1 - g''-?+''-^^^+^^^'(«-ii«„)-Kli«-^)-) // = 
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due to the induction hypothesis and the fact that Aj divides Aj in C[m='=-'^] C C[z='=-'^] when 
J < I. We start by noting that 

(5.5) 

= -fiE^-iX) + piK, OUB^a-i) {fix)) , 
/(F„X) = -q-'f{E^X) + (1 - 0)^(5^) (/(F„„iX)) +p(«:,0).([5;,i?„_i])(/(X)) 

and 

= -/(^i^n-l), 

^ ■ ^ /(Xi?„) = + (1 - g-2)^9o(g'^)/(XF„_i) 

for any X G f/g(s), which follows easily from Lemma f5.6l( i) and the fact that / is a vector 
valued spherical function. Denote /' = [12, is, ■ ■ ■ ,ir), which is < /. Then it follows from 
dSISl) that 

fj{q') ^ -q-''n.^fiE,,Fj,K^~'). 
By Lemma ESKii) we now conclude that 



fi{q') = 



-q^ir~^)f{FrEi,K^-'), if zi = n-l, 

-q-^q^ir2-i) f(^Fj,E.^K^-^), if h = n. 

Continuing inductively while taking ()5.6|) into account, we obtain 

We follow a similar procedure to return from f{K^~^Ej) to fi{q^). The starting point is 

fiK'-'Ej) ^ -f{K'-'ErF,J, 
which follows from ()5.6p . Moving to the left using Lemma f5.6lf ii^ gives 

-q^(ri-^)f{K>^-SF,^Ei,), a H=n-1, 

if ii=n. 

Repeating this procedure inductively gives 

f{K^-^Ej) = (-l)'-g^'i{'^i-l)+2E..,.Jr-s)y^^A-5^^) 
^^■^^ = (_iy'^g^i+2r2+2j]^^.^^„{r-s)^-rA„_i+riA„+r2A„+i fj(^q^y 

Combining ()5.7p and ()5.8|) yields the induction step ()5.4p . □ 

Lemma 5.8. The radial part /|r G C[n'^^] of a vector valued spherical function f G -^(q'q 
is divisible by (1 — q^^u~\u^^) for r = 1, . . . , k. 

Proof. It is easy to check that A(„k) is divisible by l—q^'^u~\u^^ in C[m^^] for r = 1, . . . , k. 
By the previous lemma it thus suffices to show that P(„k) is nonzero and relative prime to 
l — q^'^u~^iU~^ for r = 1, . . . , K. Clearly it is enough to prove this in the classical limit q = 1. 
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We thus consider g = as a formal parameter and we repeat part of the computations of 
the proof of Lemma [5.71 for J = {n^), now modding out to /;,C[[/;.]][2^^]. 
We simphfy notations by writing 

for all A G P2n and s G {1, . . . , k}, with Z^, Qg G C [[/;,]] [z^"*^]. Lemma [1.131 gives 

p{K,QU[Bl,B^_,])f{F:-^K^-') = q'-^-'y - 1 - «:] J.-i(g')r(..-2,,_,,,+,), 

with 

q" - g-" 



\a 



1 -1 



the (symmetric) g-number. Identifying Cr(Kn-2,K-r,K+r) — C as in the proof of Lemma f5.7[ 
we obtain from the second formula of (j5.5|) . 

/,. = -q'^gr-i + g^"^"^''[r - 1 - K]qfr-i mod h. 

By Lemma f5.6lf ii^. we can move En to the other side in the expression 

^._i(g^) = f{Er,F:-'K'-'), 

after which we can use the second formula in to replace En by — F„ modulo h. This 
yields 

Qr-l = -q'^^''^^^Un\Un^fr IRodh. 

Consequently, 

(1 - q^''Un^^Un^)fr = g^"""^"[r - 1 - modk, 
or, more precisely, 

(1 - Un^lUn^)fr = (r - 1 - K)/r-l mod h 

for r = 1, . . . , K. Thus P(nK) is nonzero, and 

(5.9) P(„.) = C{1 - Un^^Un^y^A^n-) mod /i, 

for some nonzero constant C G C. Using the explicit expression of A(„k), it is easy to check 
that the right hand side of ()5.9|) (mod h) is relative prime to 1 — Un^^u"^ in C[2^^], which 
completes the proof of the lemma. □ 

We are now in a position to determine the explicit form of the radial part of the ground 
state when ki = K2 = 0. 

Corollary 5.9. Let f G -^"(0' o k) ^ ground state. With a suitable normalization of f , 

we have 

(5.10) /it=«^(-°) n 

l<i<j<n 

in C[u^^]. 
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Proof. We write I G C[u^^] for the right hand side of ()5.10p . Lemma 15.51 and Lemma 
15.81 show that fix is divisible by I in C[u^^], so /|t = Ip for some Laurent polynomial 
p G C[m^^]. It remains to show that p is a nonzero constant. For this we expand both sides 
of the equality /|t = in monomials (/x G A„). 
We write 

P = ^ef.u", 

V 

and we denote G A„ (respectively v_ G A„) for a maximal (respectively minimal) 
element with respect to the dominance order < such that ty^ 7^ 7^ ey_. Observe that 

J = ^ C^M^ 

-<5(k,0)<i^<<5(k,0) 

with c,^ G C and c_5(k,o) 1^ ^ C5(k,o)- Consequently, in the expansion of Xp in monomials 
u'^ {jJL G A„), the coefficient of u^^''^'^)+''+ and of u~^^'^'^^~''- is nonzero. 
On the other hand, Lemma f4. II implies that 

/It = 

-5{k,Q)<v<S{k,,Q) 

with (ij, G C and (i_5(K,o) 7^ 7^ '^^(k.o)- Hence the equality /|r = 1p forces z/+ < and 
z/_ > 0. This in turn implies i/+ = z/_ = 0, hence p is a nonzero constant. □ 

5.3. The ground state for k = 0. We start with the following preliminary lemma, which 
will be convenient for several computations in this subsection. Recall the definition of ^k{s), 
see (Q. 

Lemma 5.10. Let Wi and W2 he left Uq{Q) -modules and let A; G Z. 

(i) If Wq G Wi is a vector satisfying B^Wq = i!}o{q'^^^)wo and C„Wo = Wq, then 

Bl {w^ ® w') =wo® B^-^'^w', Ww' eW2 

in the Uq{Q) -module Wi ®W2- 

(ii) If w± G Wi is a vector satisfying B'^w± = i!}k{±q^'^)w± and CnW± = q^w±, then 

Bl {w± ®w')=w±® q-^Bl'^'^w', V G 1^2 
in the Uq{Q) -module Wi ®W2- 

Proof. Recall that the generator B^ G is explicitly given by 

B: = ynKl.K-' + K-'xnK-' + Mq^K-'- 

The proof of (i) follows now immediately from the explicit formula for A(i?^) (see Propo- 
sition and from the fact that C„ = C„+i. For the proof of (ii), let w±. G Wi be as 
indicated in the lemma, and let w' G W2. Then Proposition 14.21 implies 

B:{w± ® w') =w±^ q-''{ynK-l,K-' + K'^x^K^ + qHu{±q^nK-^)w' 

= w±® q-''B''J^w' 

since g¥fc(±g±'") = doiq""^^). □ 
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In this subsection the reahzation of the fundamental, simple f/q(0)-modules within the 
g-exterior algebra of the vector representation of Ug{Q) is used to explicitly construct the 
one-dimensional ^o--modules V{Ki)a and K(k2)o- within simple ?7g(g)-modules. As a con- 
sequence we obtain an explicit expression for the radial part of the ground state for k = 0. 

The vector representation of Uq{Q) is the 2n-dimensional vector space V with linear basis 
Vi (i = 1, . . . , 2n) and with [/g(g)-action defined by 

(5.11) K^^Vj = q^^'-'^Vj, XiVj = Si+ijVj^i, yiVj = SijVj+i 

for r, j = 1, . . . ,2n and i = 1, . . . ,2n — 1, with the convention that Vq = f2n+i = 0. This is 
a realization of the finite dimensional irreducible highest weight module L^^ of Uq{Q), with 
highest weight vector Vi. Similarly, the dual vector representation is the 2n-dimensional 
vector space V* with basis v* (i = 1, . . . , 2n) and with [/g(g)-action given explicitly by 

Kr Vj = q+ ^''Vj, XiVj = -q dijVj^^, yiVj = -qdi+ijV^_^ 

for r, j = 1, . . . , 2n and i = 1, . . . , 2n — 1, with the convention that Vq = V2n+i = (it 
corresponds to the linear dual V* of V viewed as f/g(g)-module by (X0)(f) = (j){S{X)v) 
for (f) & V* , V & V and X G Uq{Q)). This is a realization of the finite dimensional irreducible 
highest weight module L_^^^^ of f/q(0), with highest weight vector t>2„. For s G M \ {0} we 
define n-dimensional subspaces W{s) = span{i(7j(s)}j C V and W*{s) = span{u;*(s)}j C 
V* by 

Wi{s) =Vi + S V2n+l-i, Wi [s)=Vi+ S q V^n+l-i 

for z = 1, . . . , n. 



Proposition 5.11. The vector spaces iy(±g^°") {respectively l^*(±g^°")) are inequivalent 
simple Aa-suhmodules of V" {respectively V*'^). The irreducible decompositions of the 
semisimple A^-modules V and V*'^ are 

V = iy(g") © iy(-g-"), 1/*" = iy*(g") © W*{-q-''). 

Proof. The action of the algebraic generators of £^ C Aa (see Lemma ll.8|) on Wi{s) and 
'W*{s) is given by the formulas 

C,Wi{s) = q^'^'w,{s), CjW*{s) = q-^^''wl{s) {t,j = 1, . . . ,n), 

^2) BiWi{s) = Wi+i{s), BiW*_^^{s) = ~q^w*{s) (z = 1, . . . , n - 1), 

B2n+i~i Wi{s) = Wi-i{s), B2n+i-i w*_i{s) = -w* {s) {i = 2, . . . ,n), 

BjWi{s) = 0, BjW*{s) = otherwise. 

Hence W{s) (respectively W*{s)) is a £^-submodule of V (respectively V*) which is isomor- 
phic to the vector representation (respectively dual vector representation) of Ug{Ql{n)) ~ £, 
cf. Lemma fl.81 In particular, W{s) and W*{s) are simple £^-modules. 
Recall the notation (j5.3j) . By a direct computation one verifies that 

(5.13) S>,(s) = Wiis), B"^wl{s) = M<in w*{s) 
for alH = 1, . . . , 77, — 1, and 

(5.14) B:wn{±q^n = M±q^nM±<i^n, B:w:{±q^n = ^-i{±q^n<{±q^n- 
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It is now clear that iy(±g^'^) C are simple ^o--submodules, and that V = W{q'') © 
(and similarly for V*''). To prove that W{q") ^ g""^) (resp. W*{q'') ^ 
W*{—q~'^)) as ^cr-niodules, it suffices to observe that the spectrum of is different. This 
follows from the fact that ^k{q") = ^k{—q~'^) for a G M implies k = 0. □ 

We now consider the g-exterior algebras of V and V*, cf. j21j. Let T{V) and T{V*) be 
the tensor algebras of V and V*, respectively. Let J C T(y) be the graded, two-sided ideal 
generated by the tensors Vi®Vi and Vr^Vg+q^^Vs^Vr for i = 1, . . . , 2n and 1 < r < s < 2n. 
Similarly, we write J* C T{y*) for the graded, two-sided ideal generated by the tensors 
V* ® V* and v*^ ® v* + q^^v* ® w* for i = 1, . . . , 2n and 1 < r < s < 2n. The exterior 
algebras A(V^) and A(V"*) are defined to be the graded algebras T(y)/J and T(y*)/J^, 
respectively. The action of Ug^Q) on V and V* naturally extends to a grading preserving, 
left [/q(g)-module algebra structure on the exterior algebras A(l^) and A(V"*). We denote 
A for the products in A{V) and A{V*). Let A^^V) and A^^V*) be the mth graded pieces 
of A{V) and A{V*) respectively, then 

2n 2n 

A{V) = A^'iV), A{V*) = A'^iV*) 

and 

A"^(V) ^ Z/(lm^Q2n-m'] , A"^ (V*) ~ //(Q^"-™ , - 1'" ) 

as f/g(0)-modules. For / = {ii, . . . , i^} C {1, . . . , 2n} with Zi < Z2 < ■ ■ ■ < "^m, we define 

Vi = Vi^AVi^A--- A Vi^, v} = v*^AvlA--- A v*^. 

Then {vj \ = m} and {f| | = m} are linear bases of A™(y) and A"^{V*), respectively. 
The action of Uq{Q) on these basis elements is explicitly given by 

Kf^vi = q^^^^'^^vi, XiVi = V(^i\{i+i})u{i}, ViVi = V{i\{i})u{i+i}, 

K. vj = q+'- ' >Vj, XiVj = -q t^(/\{i})u{i+i}, Vi^i = -g^^(/\{i+i})u{i}> 

where /) = 1 if i G / and = otherwise, and where f (/\{fc})u{z} = and 'y*/\{fc})u{i} = 
if /c ^ / or if / G /. Note in particular that e A'^iV) and W{2„_m+i,...,2„} ^ A'^iV*) 

are highest weight vectors. The formulas 

{vi,vj) = 5i,j, {vj,v*j)* = q^^'^''5i,j 

define *-unitary scalar products on A{V) and A{V*), respectively. 

Using the notation ()2.1|) . we observe that any one-dimensional ^o--niodule in A"(V)'^ 
(resp. A"(l^*)°") necessarily lies in the subspace A"(V')(in) (resp. A"(V*)(_i.i)). This 
follows easily using Lemma ll.8l since an one-dimensional t/g(g[(n))-module is of highest 
weight (m") G for some integer m. For s = (si, . . . , s„) an n-tuple of nonzero reals, we 
define ^(s) G A"(\/)(in) and C{s) G A"(\/*)(_in) by 

^(s) = Wi(si) A ^2(52) A ■ ■ • A Wn{Sn), 

C{s) = wlisi) A w;is2) A • • ■ A w*„isn). 
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It is also convenient to use the opposite elements ^op{§) G A"(\/)(in) and ^*p{s) G A"(y*)(_in-), 
defined by 

^op(s) = Wn{Sn) A ■ ■ ■ A ^2(52) A Wi(si) , 

Cpil) = <isn) A ■ • ■ A w;{s2) A wlisi). 
For l<i<j<nwe have 

Wi{si) AWj{sj) = -q~'^Wj{sj) AWi{q~'^Si), 

w*{si) A w*{sj) = -qw*{sj) A w*{q^Si) 
in A(l^) (resp. A{V*)), hence ^ and (resp. ^* and are related by the formulas 

The norms of such vectors can be evaluated explicitly by an easy induction argument. The 
result is 

n 

(5-16) „ 

(ru),ra))* = n(i + 

1=1 

We use the abbreviation ^(t) = C,{{t'^)) for t G M \ {0}, where (t") is the n-tuple with t in 
each entry. Similarly we write ^op(t), ^*(t) and Cp(^)- 

Lemma 5.12. (i) let s G (M\ {0})". Then span^{^op{s)} C A"(l^) and spandCpil)} C 
A"(V*) are one- dimensional 8-suhmodules if and only if s = (t") for some t G M \ {0}. 

(ii) The two suhspaces span{^op{.'^<l^")} C K^(yY are one- dimensional Aa-submodules 
ofA^^Vy. The generator B!^ G acts by 

(iii) The two suhspaces span{Qp{±q^'^)} C A'^{V*)"' are one- dimensional Aa-submodules 
ofA'^lv*)". The generators^ G A^ acts by 

B:Cop{M^n = ^-i{±q^nCp{±<i^n- 

Proof, (i) Fix i G {1, . . . , n — 1}. By we have 

X2n-iWj{s) = yiWj{s) =0 Vj G {1, . . . ,n} \ {i}. 
Combined with ()5.12|) and Proposition 14.21 we obtain 
Bids) = Wi(si) A ■ ■ ■ A Wi_i(si_i) A BiWi{si) A K^^K:2^^^[wi+i{si+i) A ■ ■ ■ A w„(s„)) 
= wi(si) A • ■ ■ A A A Wi+i{qsi+i) A Wi+2(si+2) A • ■ ■ A 

Since 

A Wi+i(gsi+i) = (s^^ - t;2„_j A Vi+i 
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in A{V), we see that -Bi^(s) = for alH = 1, . . . , ra — 1 if and only if s = . . . ,tq'^,t) 

for some t G M\ {0}. Furthermore, Cj^{s) = q^{s) for j = 1, . . . , n by ()5.12|) . Then Lemma 
11.81 and ()5.15|) imply that ^opU) is a lowest S ~ f/g(gl(n))-weight vector of weight (l") in 
A"'{V) if and only if s = (t") for some t G M \ {0}, which implies (i) for ^op- The proof for 
is similar. 

For the proof of (ii) and (iii), we note that Lemma [5.1 Olf ii). ()5.12j) and (j5.13|l imply 

Bn^{s) = Wi(si) A ^2(^2) A ■ ■ ■ Wn~l{Sn-l) A B^Wn{Sn), 

b: ru) = wlis,) A w;{s2) A ■ ■ ■ A i?>:(s„). 

Formula ()5.14|) now completes the proof. □ 

In the following proposition we consider the ?7q(g)-module A'^(V") (S> A"(l^*). By the Fieri 
formula (cf. [2 ) its decomposition in irreducibles is given by 

n 

(5.17) A"(\/)®A"(n^0^.i, 

m=0 

where Um = (l'",0"-'") G A+. We denote 7r„ : A"(V) ® A"(r*) ^ Lj^ for the projection 
onto L h along the decomposition (15.171) . 

Since 5(0, ni) = KioOn, (I5.17|l and our earlier analysis of branching rules easily imply that 
the F(±l)o--isotypical component of (A"'(V^)®A"(V^*))°" is one-dimensional (and necessarily 
lies in the component L^ti), while the y(0)o--isotypical component of {A"'{V) ® A"(V^*))°' 
is (n + l)-dimensional. In |2], the \^(0)o--isotypical component was constructed using the 
explicit solution J'^ of the reflection equation. In the following proposition we give an 
explicit construction of one particular vector in the V(0)cr-isotypical component and we 
explicitly construct the V(±l)o--isotypical components of (A"(V) (g) A'^(y*)y. 

Proposition 5.13. Define %(s) G A"(\/) O A"(\/*) (s G M \ {0}, k G {-1, 0, 1}) by the 
formulas 

r/_i(s) =^opis)0Copi-qs-^), 
Vo{s) =^opis)0CpiQ'^s), 
Vi{s)=^opi~s-')0CpiQs). 

Then C{r]k{q'')} C (A"(\/) ® A"(l^*))'' is a one- dimensional Aa-submodule, isomorphic 
to V{k)cr- Furthermore, C{rik{q'^)} {k = ±1) and 'n'n{C{rio{q'^)}) are realizations of the 
one- dimensional Act -modules V(k)a^ (k = ±1) and V(0)cr in L'^u , respectively. 

Proof By Proposition O and the previous lemma, C{^op{s) ® Cp(^)} C A"(V') (g) A"(\/*) 
is a copy of the trivial S ~ Uq{Ql{n)) module for all s, t G M \ {0}. Furthermore, by Lemma 
l5.1Ul and the previous lemma. 
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in A"(\/) O A"(\/*) for alH G M \ {0}. The first statement now follows from Lemma EHH 
and the equalities 

which are the scalars by which acts on V{—l)a, V{0)a and l^(l)o-, respectively. 

We have already observed that C{ri±i{q")} automatically lies in the component L'^u 

of the decomposition ()5.17|) . In the decomposition of riQ{q'^) as sum of basis elements 
vi ® f} (#/ = #J = n), the coefficient of f{i,...,n} ® ^{n+i 2n} nonvanishing, hence 
'^nivoil'^)) 0- This completes the proof of the second statement of the proposition. □ 

We define a *-unitary scalar product on A"(V") ® A"(V*) by 

{v ^v*,w ^w*)i = {v,w){v*,w*)^,. 

The previous proposition implies that 

/r(-) = {■^nMqn)M<inh = {-rikiq^Mqlh e F-;,)(o) 

for k = —1, 0, 1 are ground states. Their radial parts /^'^^It € C['U='=^] can now be explicity 
evaluated as follows. 

Lemma 5.14. After suitable normalization, we have 

n 

foiT = n(i - g^-'^+x^^) (1 + g-'-'-^n.), 
1=1 

n 



i=l 



in C\u^^] 



Proof. For A G P2n, we write |A|„ = Ai + A2 + ■ ■ ■ + A„. By fl5.15|) we have 
for all A G P2n- By ()5.15|) and ()5.1fij) . we conclude that 

n 

1=1 

n. 
i=l 

for all A G P2n- The lemma now easily follows from the definition of the rj^s. □ 
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Lemma 5.15. Let f G -^(k^k2 0)(^) ^ ground state. After a suitable renormalization of 
f , we have 

n 



i=l 

±11 



Proof. We consider the ?7g(0)-module ly = (A"'(V') ® K^iV*))®'^^, with *-unitary inner 
product 

(g) ■ ■ ■ ® f«;,, wi ® ■ ■ ■ O = Wivi, Wi)i 

i=l 

for all Vi,Wj G A"(K) ® A"(V^*). Lemma (5. lUI implies that the nonzero vector 

Xr = Viiql ® Viiq"''^) ® ■ ■ ■ ® r7i(g^+2(.i-i)) ^ 
spans a copy of the one- dimensional ^T--module V{ki)t- within W^. By (|5.17|) we have 
(5.18) ~ L5(o,,,), © L 



dx 

A 



as f/g(g)-modules for certain multiplicities dx G Z>o. By Proposition 11.151 C{xt} hes in 
the component ^5(0^^^)11 of the decomposition ()5.18|) . 

For the realization of V{K,2)a in W'^ , we need to consider the cases < ^2 < /^i and 
— Ki < ^2 < seperately. For < K2 < ^i, Lemma f5. 101 implies that the nonzero vector 

spans a copy of the one-dimensional ^o--module ¥{1^2)^ in W''. If p : W ^^(q denotes 
the projection on L5(o^ki)^ along the decomposition (j5.18p . then p{C{xt}) is a copy of the 
one-dimensional ^o--module ¥{^2)^ in -C/^^q ^^-ji, by highest weight considerations, cf. Lemma 
1231 Thus 

/(■) = (•P(X^),Xt)ki = {■xt,Xr)^^ 

defines a ground state / G F^ii^^^ 0) Since 

KI—K2 K2 

the result now follows from the previous lemma by a straightforward manipulation of q- 
shifted factorials. For — ki < K2 < the vector xt should be replaced by 

We leave the remaining straightforward computations to the reader. □ 

Theorem II . 2 1 If ii^ follows now immediately by combining Lemma fS.H Corollarv 15.91 and 
Lemma 15.151 
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6. Generalized quantum Schur orthogonality relations 

We freely use the notations of the previous sections. The normahzed Haar functional 
h : Cg[G] ^ C is the unique linear map which intertwines the (left) regular ?7q(g)-action 
on Cg[G] with the trivial t/g(0)-action on C and which maps 1 G Cg[G] to 1 G C. In 
particular, h is identically zero on the summands W{X) (A G P.^ \ {0}) in the Peter- Weyl 
decomposition (jl.l8|) . 

The Haar functional h defines a pre-Hilbert space structure on C^fG] by 

{a,b)h = h{b*a), Wa,beCg[G]. 

The quantum Schur orthogonality relations imply that the Peter- Weyl decomposition ()1.18|) 
is an orthogonal decomposition with respect to {■,-)h- 

We fix a scalar product (■, on the simple Uq{t)-modu\e V{k, ki) such that the repre- 
sentation map p{k, Ki) is *-unitary (of course, (■, ■)^ only depends on the parameters k, Ki 
of K,, and is unique up to scalar multiples) . From Corollary 11.111 it follows that the simple 
^i--module (p(k, Ki)r, V{k, Ki)r) is *-unitary with respect to (■, ■)^. 

Definition 6.1. Let vr = ttJ^ : F^'^ x F^'^ Hom{Uq{Q)^ C) be the sesquilinear form 

7r{f,g){X) = J2{fiK-'X,),g{K~'uj{X2))),, f,9 e F^'\ X G UM- 

Let f,gE ^g'^- We write / • for the right regular action of G Uq{g) on the first 
tensor component of / G Cg[G] ® V{k, Ki)r, and similarly for g ■ . If 

/ ■ = ^ ® g- K-^ = Y^gj(^ wj, 

with fi,gj G Cq[G] and Vi,Wj G V{K,,K,i)r, then the definition of the pairing tt and ()3.2|) 
imply that 

(6.1) 7rif,g){X) = J2 m,)g*{X2){vi.,w^)g = ^ {f,g*)iX){v,,Wj), 

for all X G Uq^Q). In particular, the image of tt is contained in CgfC]. This observation 
can be strengthened as follows. 

Proposition 6.2. The image of the pairing ttZ'^ is contained in 7Y°"'^. 

Proof. We use the characterization of the space Ti'^''^ as given in Remark I3.9lf ii^. 

Fix f,gE FZ''^ . Let a G A^j and write A (a) = X] '^i ® '^2 with the ai's from (which 
can be done in view of Proposition 14. 2j) . Using that the character x{'^2)a '■ A^ ^ C of 
V{K2)a is *-unitary, x{i^2)a{ci*) = x('t2)a(a) for a G A^, we obtain for X G Uq{Q), 

7i{f,g){Xa) = J2 x{^2Uai) {f{K-'X^),g{K-'u{X2)u{a2)))-. 

= {f{K-'X,),g{K-'u;{X2Ma,)al)), 

= eia)n{f,g)iX) 

since ^ 

^ cj(a2)ai = aiS'(a2) j = e(a)l 
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by the antipode axiom for the Hopf algebra f/g(g). For the left invariance with respect 
to Ar, let b G Ar, and write again A (6) = X] ® ^2 with all 61 's from Ar- Now A is a 
*-algebra homomorphism and S is an anti-coalgebra homomorphism, so 

Furthermore, note that {u o ujs){X) = K^XK~^ for X G Ug{g). Combined with ()3.6|) . we 
thus obtain for X G Ug{Q), 

7i{f,g){us{b)X) = {fiK-'u;s{b2)X,),g{b,K-'u;{X2))), 

= J2 {f{K-^'uj{b2)K'X^),p{K,KrUb^)g{K-'u{X2)))H 
= E {fiblS'icoib,))K-'X,),giK''coiX2))), 
= 7ib}n{f,g){X), 

since 

J2 blS\u{b,)) = J2 = e{b*)l = 7{F)1. 

□ 

Choose a vector v G V{k,,ki)t- such that {v,v)k = 1. Without loss of generality we 
may and will assume that the implicit identification V{k,, ^ C in the definition of the 
restriction map is realized by the explicit map zv ^ z (2; G C). 

Corollary 6.3. Iff,gE F^'\ then /|t(^?|t)* E C[u^T ■ 

Proof. Let f,g & FZ''^ . Since the Cartan elements (A G P2n) are group-like and *- 
selfadjoint elements in f/g(g), it follows from Lemma 11.201 and from the definition of vr 
that 

ResT(vr(/,^?))(g^) = 7r(/,^7)(ir^) 

= {f{K'^-'),g{K->^-')), 

for A G P2n, hence 

ResT(vr(/,^7)) = /|T(^?|T)* 
in C[m''^"'^]. On the other hand, ResT(vr(/, (7)) G Cfw''^"'^]'^ by the previous proposition and 
by Proposition 13.101 □ 

We define a linear functional h"''^ : Clu"^^] — C by integrating against the orthogonal- 
ity measure of the Macdonald-Koornwinder polynomials P^'"^ (/i G A+), see ()3.8p . We 
renormalize h'^''^ so that /i'^'^(l) = 1. In particular, for real parameters a, r satisfying 

(6.2) r+^'^<q-\ V6,e'G{±l}, 

the functional /i""'"^ is given by 

iV Jrp U 
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with A^^^(n) = A(n; g-'^+^+i; q^) the Macdonald-Koornwin- 

der weight function and with positive normalization constant N = jj,A„T-{u)du. Then 
gives rise to a pre-Hilbert structure on C[m^^], 

with ^-structure on C['U^^] defined by (13. 7|) . Theorem 11.211 for k, = and the orthogonality 
relations for the Macdonald-Koornwinder polynomials P^'"^ imply h{f) = h"''^{f\x) for 
/ G Pg'^- By Proposition 13.81 this implies 

(6.3) /i(/) = /i-'-(ResT(/)), V/G7^-'^ 

Since Resr : TY'^'^ — C[m^^]^ is a *-algebra isomorphism, we conclude from ()6.3j) that 

ResT:(H'^^(-,-).)-(q«±^]'^, (-,■).,.) 
is an isomorphism of pre-Hilbert spaces. 

Proposition 6.4. ( Generalized quantum Schur orthogonality relations). Let /i, G 

and choose elementary vector valued spherical functions f G Fg^{fi) and g G P|^'''(z/). // 
u, then (/|t, g\T)a,T = 0. 

Proof. Let f,g & ^d'^ ■ By the proof of Corollarv 16.31 by Proposition 16.21 and by ()6.3|) we 
have 

(6.4) h{iT{f,g)) = {f\T.g\T)„,r. 

Let / G FZ''^ {ji) and (7 G P^'^(i/) with z/ G and \i v. We show that the left hand 
side of (1131) vanishes. Since / ■ K'^ G (/x^) V{k, Kx)r and ■ K'^ G (z/^) (g) 1/(k, ki)^, 
we may write 

/ ■ ir-^ = ^ /i ® t;^, g- K-^ = Y^gj<^ w„ 

with fi G iy(/i^), G iy(z/^) and G \^(k, /ti),-. By ()6.ip and by the quantum Schur 

orthogonality relations, we conclude that 

h{7r{f,g)) = h{fig*){vi,Wj)^ = 0, 

as desired. □ 

The main application of the generalized quantum Schur orthogonality relations is the 
identification of the vector valued spherical functions with Macdonald-Koornwinder poly- 
nomials, as stated in Theorem 11.21( 111^ . 

Corollary 6.5. Let /z G and choose elementary vector valued spherical functions f^ G 
F^'^ifi) andfoeF^'^iO). Then 

p I — J-^ -i^fiya, q ?y jy 1 H j H J 

Jo\t 

for some nonzero constant D . 
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Proof. It suffices to prove the corollary for real parameters a, r satisfying ()6.2|) . By Propo- 
sition ^3 we can normalize the elementary vector valued spherical functions G F^'^{fi) 
{y G A^) such that 

(6.5) py := = mj. + Cyirriyi G £.[u^^Y^ 

Jo It , 

u'<u 

for some constants c^' E C 

We fix now arbitrary /i G A^ and we prove that is the monic Macdonald-Koornwinder 
polynomial of degree /i with suitable specialization of the parameters. Formula ()6.5|) applied 
to shows that 

(6.6) P,i = m^, + ^ vm^/ G C[m=^^]^ 

for some constants c^/ G C. By the generalized quantum Schur orthogonality relations we 
furthermore have 

(6.7) ! p^[u)pl{u)W{u)— = 0, Vz. G A+ : z/ ^ /i 
Jt u 

with weight function W{u) = /o|T(w)(/o|T)*(w)Ao-,r(M)- By Theorem ll.21lf ii^. the weight 
function W{u) {u G T) can be expressed in terms of the Macdonald-Koornwinder weight 
function A{u; a, b, c, d; q, t) as 

for some nonzero constant C. Properties (j6.5|) and (j6.7p thus imply 

(6.8) / pJu)mJu)Wiu)— = Vz/GA+:z/</i. 

The proof now follows from the fact that the Macdonald-Koornwinder polynomial 

has been defined as the unique ly-invariant Laurent polynomial satisfying the properties 
flFOni and dniHl)- □ 
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